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Perturbation equations

The evolution equation for

ϕ ≡ a

�
δφ − φ̇

H
R
�

is
d2ϕ

dξ2
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��
H

aφ̇

�
d2
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�
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H

��
ϕ = 0

where ξ is minus the conformal time

ξ ≡ −η =

� ∞

t

dt

a
=

1

aH

�
1 + O

�
Ḣ

H2

��

Defining

f (ln ξ) ≡ 2πaξφ̇

H
� 2πφ̇

H2

we can rearrange the equation as

d2ϕ

dξ2
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ξ2
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�
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General slow-roll approximation
Our equation is

d2ϕ

dξ2
+ k2ϕ − 2

ξ2
ϕ =

�
f ′′ − 3f ′

f

�
1

ξ2
ϕ

The homogeneous equation

d2ϕ0

dξ2
+ k2ϕ0 − 2

ξ2
ϕ0 = 0

has solution

ϕ0 =
1√
2k

�
1 +
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kξ

�
eikξ

which gives the scale invariant spectrum

P �
�

H2

2πφ̇

�2

� 1

f 2

we derived previously. Thus we see that

f ′

f
,
f ′′

f
� 1 ↔ scale invariance

However, unlike in standard slow-roll, we will not make any further assumptions
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f
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General slow-roll formula

Solving
d2ϕ

dξ2
+ k2ϕ − 2

ξ2
ϕ =

�
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f

�
1

ξ2
ϕ

perturbatively, and taking the late time limit ξ → 0, we get
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Window function − k
aH W ′ ( k

aH

)

The window function has the window property� ∞

0

dx

x

�−x W ′(x)
�

= 1

and is generated from

W (x) =
3 sin(2x)

2x3
− 3 cos(2x)

x2
− 3 sin(2x)

2x
− 1

which has the asymptotic behavior
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x→0

W (x) =
2

5
x2 + O(x4)



Inverse

The general slow-roll formula for the spectrum

lnP(k) =

� ∞

0

dξ

ξ
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f (ln ξ)
≡ H

2πaξφ̇
� H2
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can be inverted to give

ln
1
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k
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where the inverse window function
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π
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x
− cos(2x)
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has the window property � ∞

0

dx

x
m(x) = 1

and the asymptotic behavior

lim
x→0

m(x) =
4

3π
x3 + O(x5)
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Homogeneous background

The background metric is

ds2 = dt2 − a(t)2δij dx i dxj

We define the e-folding number as

N(tfin, t) ≡
� t

tfin

H dt

where H ≡ ȧ/a and tfin is a late time when all trajectories have converged, i.e. a time
after complete reheating when the curvature perturbation Rc has become constant.



N
We write the scalar part of the perturbed metric as

ds2 = (1 + 2A)dt2 − 2∂i B dt dxi − a2
�
(1 + 2R)δij + 2a−2∂i∂j E

�
dxi dxj

The perturbed e-folding number is defined by

N (tfin, t) ≡
� t

tfin

1

3
θ dτ

where τ is the proper time, dτ = (1 + A) dt, and θ is the volume expansion rate of
the constant time hypersurfaces

1

3
θ = H

�
1 +

1

H
Ṙ − A − q2

3H
S
�

q2 = k2/a2 is the physical wave number and

S = Ė − 2HE − B

is the shear of the unit vector normal to the constant time hypersurfaces. Therefore

N (tfin, t) =

� t

tfin

H

�
1 +

1

H
Ṙ − A − q2

3H
S
�

(1 + A) dt

= N(tfin, t) + R(t) −R(tfin) − 1

3

� t

tfin

q2S dt



δN

δN (tfin, t) ≡ N (tfin, t) − N(tfin, t)

= R(t) −R(tfin) − 1

3

� t

tfin

q2S dt

Taking the initial hypersurface to be flat and the final hypersurface to be comoving

δN (tfin, tini) = −Rc(tfin) − 1

3

� tini

tfin

q2S dt

The Einstein equation gives

Ṡ + HS = A + R + π

where the matter anisotropic stress π is usually negligible. Thus q2S decays rapidly
outside the horizon, and this decaying behavior is independent of the choice of gauge.
So, taking the initial time tini sufficiently late, so that scales are sufficiently greater
than the horizon, we get our central result

Rc(tfin) � −δN (tfin, tini)

This relation is valid irrespective of whether the background universe is dominated by
scalar field or not.
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Scalar fields during inflation

We assume that for t ≤ tini, i.e. while modes are leaving the horizon during inflation,
we can take the action to be

S =

�
d4x

√−g

	
−1

2
R +

1

2
habg

µν∂µφa∂νφb − V (φ)




and the scalar field perturbations on flat hypersurfaces satisfy

¨δφa
f + 3H ˙δφa

f − Ra
bcdφ̇

bφ̇cδφd
f + q2δφa

f + habVφbφcδφ
c
f =

1

a3

D

dt

�
a3φ̇aφ̇b

H

�
hbcδφ

c
f

We do not require this effective description to continue to be valid for t > tini.
Indeed, we expect that in most cases it will break down some time before tfin.



N

For t ≤ tini, we represent N in phase space (φ, φ̇) as

N(tfin; φ, φ̇) ≡
� t(φ,φ̇)

tfin

H dt

where the integral is performed along the trajectory that passes through (φ, φ̇).
The evolution equations for Nφ̇b and Nφb are

D2

dt2
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�
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H
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= − D

dt

�
habNφ̇b

a3

�
+

Nφ̇b φ̇bφ̇a

2Ha3
+
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6Ha3

They have the particular solution

habNφ̇b

a3
=

φ̇a

6H

�
dt

a3



δφa
f

The scalar field perturbations on flat hypersurfaces satisfy

¨δφa
f + 3H ˙δφa

f − Ra
bcdφ̇

bφ̇cδφd
f + q2δφa

f + habVφbφcδφ
c
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H

�
hbcδφ

c
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In the limit q2 → 0, this has the solution

δφa
f ∝ φ̇a

H

corresponding to the super-horizon adiabatic growing mode. Comparing with Nφ̇a we

see that, in the limit q2 → 0, it also has the solution

δφa
f ∝

habNφ̇b

a3
− φ̇a

6H

� t
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dt

a3
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˙δφa
f ∝ −habNφb
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+
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H
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corresponding to a super-horizon decaying mode.



δN

We define

δN ≡ Nφaδφa + Nφ̇a
˙δφa

≡ Nφaδφa + Nφ̇a

�
˙δφa − φ̇aA

�
− q2

9H
XSf

with X being some, as yet unspecified, function of t. Note that we may interpret

˙δφa − φ̇aA = δ

�
dφa

dτ

�

Nφa and Nφ̇a are given explicitly by

Nφa = Nφa − 1
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Nφ̇b φ̇
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18H
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18H
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δN f

Choosing flat hypersurfaces, we have

δN f = δN −R

Using the gauge transformation property of δN, one can readily show that this is a
gauge-invariant quantity. Taking the time derivative of δNf , we find

˙δN f = −q2
Nφ̇aδφ

a
f −

1

3
q2

	
1 −

�
1 − ε

3

�
X +

1

3H
Ẋ



Sf

where ε ≡ −Ḣ/H2. Thus δN f is constant on super-horizon scales.
In the special case that our scalar field description is still valid at t = tfin, i.e. if it is
valid beyond the point where convergence of trajectories occurs, we can evaluate the
constant by inserting the super-horizon adiabatic growing mode into the definition of
δN to get

δN f (tini) = δN f(tfin) =
Hφ̇aδφa

f

φ̇bφ̇b







t=tfin

= −Rc(tfin)

Thus we have established the equivalence of δNf and δN on super-horizon scales in this
special case, and the natural form of δNf convinces us that this is true generally.
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where ε ≡ −Ḣ/H2. Thus δN f is constant on super-horizon scales.
Taking the derivative again we get the equation of motion for δNf

¨δN f + 5H ˙δN f + q2δNf = −2q2
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Choosing

X = −3H

�
a3

� t

tfin

dt

a3

�
= 1 + O

�
Ḣ
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we find the Sf terms disappear
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δφa
‖ and δφa

⊥

Our equations are
˙δN f = −q2

Nφ̇aδφ
a
f

and
¨δN f + 5H ˙δN f + q2δNf = −2q2

Ṅφ̇aδφ
a
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We decompose δφa
f into relevant and irrelevant components

δφa
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with the relevant direction defined by Nφ̇a
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General slow-roll equation

Our equation is

¨δN f + 5H ˙δN f + q2δN f = 2

�
hab

Ṅφ̇aNφ̇b
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Changing time variable to x ≡ kξ � k/aH, where ξ = − �
dt/a is minus the

conformal time, we obtain
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General slow-roll formula

The general slow-roll solution of

δN ′′
f − 4

x
δN ′

f + δN f =
2

x

Π′
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3 sin(2x)
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If we neglect the δφa
⊥ terms, the formula for the spectrum reduces to
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which can be inverted to give

lnΠ2 =

� ∞

0

dk

k
s(kξ) lnP

where

s(x) ≡ 2

π

	
3

x3
− 3 cos(2x)

x3
− 6 sin(2x)

x2
+

2

x
+

4 cos(2x)

x
+ sin(2x)




has the window property � ∞
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dx
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and the asymptotic behavior

lim
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