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Plan of this lecture
1.Introduction
Berry phase
Haldane problem in 1D antiferromagnet

2. Topological Hall effects
Quantum Hall effect, Anomalous Hall effect
Spin Hall effect, Hall effect of light
Magnon Hall effect

3. Topological materials
Topological insulators
Topological superconductors
Topological periodic table

4. Physics of non-collinear spin structures
Multiferroics
Spin textures
Skyrmions




Why topology matters ?

1. Gauge structure of electrons in solids
electron wavefunction is often “"constrained” in
sub-Hilbert space - connection and curvature

2. Two sources of "conservation law”
symmetry is related to conservation - Noether
topological index and quantum protectorate




Symmetry v.s. Topology

Rotational symmetry Winding number N,

Noether's theorem Connectivity of the loop

Conservation of | Conservationof N



Introduction



Before “atomis
-19th century

Atomism
Late 19t cen.

20t century
1900-1925

I

From Ryogo Kubo “Progress in Solid State Physics” 1962

Mechanics elasticity
Electromagnetism  Maxwell equation
e.m. properties of materials

Thermodynamics gas/solution metallurgy

Crystallography Bravais (1848), space group
Opftics

Statistical mechanics Maxwell, Boltzmann, Gibbs
electron (Lorentz) theory of metals
Puzzles : thermal radiation, Palmer series, specific heat

1905 Special relativity, 1915 General relativity

Planck (h) , Einstein (photon, specific heat) , Bohr (atom model)
Low temp. phys. Onnes (Liquid He 1908, Superconductivity 1911)
Laue, Bragg (X-ray crystallography 1912)

Born (Lattice dynamics 1915)



1925-1940 Quantum mechanics Schroedinger, Heisenberg
chemical bonds, metallic bonds
1927- Quantum field theory
1940 Seitz Modern Theory of Solids

1941-1945 World War IT
Quantum electro-dynamics (Tomonaga, Feynman, Schwinger)
1945 Magnetic resonance
1947 Transistor
1953 Laser
1957 BCS, Kubo formula
1958 Anderson localization
1959 Super-exchange interaction, Anderson, Kanamori-Goodenough
1962 Josephson effect
1964 Kondo effect, DFT
1970- Renormalization group critical phenomena

Synthetic metals polyacethylene  soliton
Charge/spin density wave



Quantum Hall physics High Tc SC 1980’s

| ™
Quantum topology Correlation
Topological current New state of matter Nano 1990’s
Berry phase fractionalization physics
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AHE, SHE Spin liquid Cold atom = spectroscopy

— o N Yook - present
Topological Orbital Quantum Nano
iInsulator physics simulator devices
Topological Room Quantum Beyond future

orders temp. SC information Moore



Berry Phase



Berry phase
M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

H(X) Haniltonian,
X =(X,, X,,,, X)) Parameters > adiabatic change

10y (1) = H(X(1)w (1)
H(X)¢ (X) =E,(X)g,(X)

eigenvalue and eugens’ra‘re for each parameter set X

E, (X (1))
Transitions between eigenstates are forbidden S~———
during the adiabatic change
_—
- Projection to the sub-space of Hilbert space
constrained quantum system D —




Berry phase
M.V.Berry, Proc. R.Soc. Lond. A392, 45(1984)

inow () = H(X )y t) y
H(X)d, (X) = E,(X)d,(X) P C

» (t)e—(i/h)j;dt'En (X (t)

p(t)=e #,(X (1))

dy,(t) . g, (X (1)) _ dX(t) ¥
m =i (XO) T 1
y(T) = e @ LD, ’l,m

7,(C)=if dX e <4 (X)|Vyd(X)> E
=$ dX e A (X)=[[dSeB,(X)

Connection of the wave-function in the parameter space
~>Berry phase curvature

Berry Phase



Path integral and Aharonov-Bohm effect

b N
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X,
AmplltudefromAtoB —Zaj a, a, |q> 8,8, |g €
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|e®/ch

r=r,k X, X, X

n
Berry Phase




Berry phase of 2x2 system - a spin

Z = [ Dn(z) exp[-A({n(z)})]

|n(z) >= [cos(8(z) ] 2),e¥ sin(8(z) 1 2)]

B . . A - -
A=[dr[< n(f)|i|n(f)>+jdr<n(r)| H |n(z) >
0 dT 0

B . A -
A=iS[dr(L-cos0(r)) #(r)+ [ dzH (n(z))

0

=ISw Berry phase
= solid angle enclosed by the path

5a)=i5fdf5ﬁ(f)°|:dgir)Xﬁ(r):| =) s%dan‘fj‘;g(‘t()t»



Dirac Magnetic monopole

-

—_— - n —_— -
B(nN)=S——=V.xA(n) Berry curvature

Inf "
. _ A = - 1 n
2 (7) :{S(l _cos@)k A (1) :_{S( +-COSQ):|¢
nsiné nsiné
Berry connection
— - — - ?2S ~ -
An(n)—Ai(n) = —[ : }é =V.A(n)
.. nsiné
N connected by gauge tr.

A[A(N)]. =475 = 27 xinteger

Dirac quantization condition

= Yang-Wu construction



Haldane problem



1D quantum antiferromagnet - Haldane gap problem

NPNT A

n| :( 1) Q(X)
Ay =18 Y 0(n) =15 Y (1) 0(Q(x)) =18 " [0(Q(2ka)) - o(Q((2k-Da))]

i=1,2N i=1,2N k=1,N

S/ J iy 5Q(X,T)xﬁ(x,z_) a0(x,7)

—I—jdr o

=2
2% w

Q : Skymion number
. How many times the mapping wraps the unit sphere

mapping |
/ X | JQ(X, 7)
/ (x7)




Gauge theory of 1D quantum antiferromagnet

: 1 .=
A= I27ZsQ+J‘deX5|5ﬂQ|2 Non-linear sigma model

—_—

Q=17"01 2=(2,,2)) |2, | +] 2, [*=1
0 1 | ,
L= Py 0,8, +a|(5ﬂ —1a,)z, [ 1D QED with @ = 275
a,=i2,0,2, Emergent Gauge field
0
E=—=e
0 2r 0
—— € ———Eee————————————ssss— — €
21 21

S =1/2 deconfined spinons - gapless quantum liquid

—e Ez—ie e —e e —e E:—Ee e

1 1
—e .—é—.—-—.—_—.———w ——€
2 2

S=1 confined spinons - gapful quantum liquid (Haldane gap)

—e e

P E=0 o -




Journal of the Physical Society of Japan
Vol. 65, No. 9, September, 1996, pp. 3025-3031

Neutron Scattering Study of Magnetic Excitations
in the Spin § = 1 One-Dimensional Heisenberg
Antiferromagnet Y,BaNiOs

Takehiro SAKAGUCHI*, Kazuhisa KAKURAL Tetsuya Yokoo! and Jun AKIMITSU
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Fig. 6. Constant-Q scan at various wave vectors to ohserve
Lha 5§ {t}} excitation at (a) @ = (1.5,0,0), (b) @ =
0‘@3;.1 ), (¢) @ = (0.5, 1.1, 0) and (d) Q = (0.5, 1.77, 0),

repre_sem.ed by the open points. The closed points stand for the

scans at (b) Q@ =

(1.65, 0.835, 0), (c) Q = (0.65, 1.1, 0) and (d)

Q = (0.65, 1.77, 0), respectively. The solid lines in (b)-(d) rep-
resent least-square fits to three §-like peaks convoluted with the
instrumental resolution as described in the text. The samples
were aligned with its a- and b-axis in the scattering plane.
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5=1/2 spin at the edge of Haldane system
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FIG. 4. ESR energy vs external magnetic-field diagram for
the model shown in Fig. 1{b). The arrows show the experi-

. mental fields obtained at the frequency of 9.25 GHz and the
M. Hag l WG r‘a e'l' Gl . 1990 arrows with circles those at 21.7 GHz. The broken arrows rep-
resent the theoretical transitions predicted for the frequencies

of 9.25 and 21.7 GHz.



Topological Hall effects



E N
4 doubly
degenerate
positive
energy states.

\
am

/

\

NN

Projection onto positive energy state Projection onto each band

mmm) Spin-orbit interaction m) Berry phase
as SU(2) gauge connection of Bloch wavefunction




Berry Phase Curvature in k-space

W ok (r)= e‘krunk (r) Bloch wavefucntion

An (k) =—I< U, | V, | U, > Berry phase connection in k-space
X, =T + An (k) = Iak + An (k) covariant derivative
[X, y]=1(0, A, (k)- 8ky A (k))=1B_ (k) curvature in k-space

w =—i[x,H]= &_ i[X, V] oV _ K, +B (k)ﬂ Anomalous Velocity and
dt | m "oy m ™7 oy |Anomalous Hall Effect
y K,
¢ | unk+Ak >
Ak ¢ | unk >
K k

X y



Electron Wavepacket Dynamics in solids

E

A

/\

A

wave packqt

dr(t) _os,(K) _-

= Vnk group velocity

dt aE
dK(t) _ aV(r) B(P)x d r(t)
dt al’ dt

/\

> k Boltzmann transport equation

= dK
J — —eJ‘_”g fnkvnk

'J__ ﬁagnk:gnﬂ_gn—ﬂzo
-z 2x oK

Totally-filled band does not contribute to current.

Only energy dispersion En(k) matters ?



Intra- and Inter-band matrix elements of current

<nk|J|nk>=-ev

e

wave packdqt

<nk|J|mk

<nk|J|nk >=—-e<nk|

<nk|J|mk >=—-e<nk|

>

/

A

E

\

e

Wavefunction matters !!

aH (k)
ok

GO

\

o 96 (K)

> K

Even afilled band can

support current

e.g., polarization current
gquantum Hall current

0
<nk|—|mk >
gmk) l@kl



Correct equation of motion
taking into account inter-band matrix element

d r(t) — 88nik) — gn(z)x d k(t) anomaloys  Luttinger,

dt ok k-space dt velocity ﬁ:aunt’
curvature

dk(t):_8V(r)_§(?’)Xd (1)
dt Iy dt
Or r-space

curvature

%
r

Origin of the k-space curvature = interband current matrix

B (K)=VxA(K) A(K)=i<nk|V[nk>

How the wavefunction is connected in k-space
-> Berry phase



Dirac’s magnetic monopole in momentum space
H=po+po,+p,0,

A, (p)=i<y(p)|(@/dp,)|w(p)>
B(p)=V,xA(p) = p/(2| p ) =solid angle/2

p = k :momentum

dr() _ agngk)|_ B (1) KO
dt o k k-pace- dt
curvature
group anomalous = AHE

velocity  yelocity »SHE

PN QHE
Pol. current
Quantal phase can not be
determined self-
consistently
In a single gauge choice
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We start with QED

| — J(iyﬂ[aﬂ —ieA, ]-m)y —% £ E

4 4-component spinor

j“=ewy"w  charge current

Why do we care about spin current ?



Projection onto sub Hilbert space

— . ] 1 - L
L=y(iy“[0,—ieA ]-my-—F F"  j*=eyy'y
. charge current

E

doubly
degenerate
positive
energy states.

>k

Projection onto positive energy state
as SU(2) gauge connection
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1/mc2-expansion non-relativistic approximation

2
£ =ik Do + ;{m*;—ﬂ%
T

]_ ']"II—|- —+ E—r —+
ot (9eg— A . Ae L L qa. qa )y
T (qu A

1 2 2
+— (B2 BY).

P I P | .
Di= ;|- io Ay = 1A W 2-component spinor

Do = & +1%gg% H%‘q” A is coupled to spin current /;

SU(2) gauge field U(1) e.m. coupling

A = B* 47 = €iarli> No SU(2) gauge symmetry Il 9F AS = 0



Project out the positron states

QEd
§

PPOJ@CT on‘ro spin wavefunction
=f"z) Zz:'spin w.f.

W ow=F0,f+F1Z0,z :% As(n) Spin Berry phase

t - Spin motive force

“f a; emf.” from
‘///W/—f; <Z/Z > <Z/Z >c €7 pon- collinear spins

W+(A57aAV = f+7545 <Z[t,[Z> “emffrom spin-orbit int.

s LW = f+ﬁ4ﬂ Maxwell e.m.f.



Solid angle by spins acting as a gauge field

’ c;> ;>
k gauge flux ® \ _—h—4
Sy conduction \
S. electron
tij = t{xlx)
_ L BT I B
= t(cos ) €05 + sin y i exp(i(o; Gba)))

J 0, _
= tcos — exp(ia;)
2 I

acquire a phase factor

scalar spin chirality
Fictitious flux (in a continuum limit) )

@asi-<sgxsk>:% 5i
S;




0 .
(a) (b) (c)
FIG. 1. Typical Feynman paths, projected onto the two-
dimensional plane, which contribute to (a) the boson polariza-
tion I1g, (b) the fermion polarization Ir, and (c) the electron
Green’s function G,. Dashed and solid lines refer to boson and

fermion paths. The circle with radius go ' represents the scale
of the fluctuating gauge-field flux.

N.N. and P.A.Lee PRL 1990
P.A.Lee, X.6. Wen, and N.N. RMP2006



3 Kinds of Current in Solids

1. Ohmic (transport) Current

Dissipation/Joule heating . _ of (¢)
in nonequilibrium state o€

—eE

_—

2. Topological Current

(k)xE Due to multi-band effect/Berry phase
Dissipationless in equilibrium
The occupied states contribute
Berry phase Polarization current o (&)
Quantum Hall current

_ Anomalous Hall current, Spin Hall current
3. Superconducting Current

—
B

Dissipationless in equilibrium
Responding to A
% LOs



Quantum Hall Effect



Ry, (kLl)

10

Increasing B

—_——

Integer and Fractional QQuantum Hall Effects

60

20

Dengity of States

(T54) vy




Topological nature of Hall effect - TKNN formula

<nIZ‘Jy‘mIZ><mIZ‘JX‘nIZ>—(JX «J)
2, () — 2, (K) [
- ezzE f (e (K)) |V x Ay (K) |,

A, (K) = -i(nk|v |k

SEIDRICA(3))Y

2

e
2.0, (k)—— N, : Chern number —> O'Xy=FN¢

kelst BZ

Imu,,
mappmg

/7 / et
L LT, )

1st BZ



Edge states

e
Position " Potential

Chiral Edge Mode
<

X.G.Wen
S

Chern-Simons

__ﬂ 2 HVA
= 47Z'|'d xdte“”a 0,a,

m m y 2
See ==~ | XU, +¥0,)0,9 =—— [ A3 (i ~Vkg9.)

k>0



Fractional charge and Spin-Charge separation in 1D

H = _Zti (c'c,,+C/'C) 1/2 electrons per site

e
+ =
2
— — — — — — — anti-bonding
- - — isolated — - — — bonding

H = [ dxy* ()(=ic™0, +m(x)a" )y (X)

Localized state
—\u .
X

m(X)

Spinful case: 1 electrons per site

—# 3

charge soliton ~ Spin soliton



Anomalous Hall Effect



Anomalous Hall Effect

(La,Ca)MnO; s.H.Chunetal. Phys. Rev. B 61, R9225 (2000).

Py = RoH + 4nRsM

ordinary term anomalous term

r 1 1 1
| 0 100 200 300 400
TK)

e
-

Pyer P,,z. R, (arb. units)

o
o
=

Conventional theory

I o 1 I m
Karplus and Luttinger  Rs o 2 B R ]
intrinsic T

J.Kondo Rs o< <(m- <m>)3> Anomalous Hall Effect
M magnetization

extrinsic y A
V_ <
T T /¢ spin-orbit

. . /-:l\-el interaction
T—0 Ry—0 7
A

Currgnt T
) e

X

L%
>




Intrinsic AHE - Topological nature

JX

N B} <nIZ‘Jy‘mIZ><mIZ nIZ>—(JX )
Oy = In,ZE f(e, (k));} [gn (IZ)—gm (IZ)]Z

= eZZI% f(e, (E))[Vk X '&n(lz)]z

A, (K) = =i{nk [V, |nk)

_ Z tes! Sitao + hoc. h(k) = l E%— Ef,.,-lij(.‘.{-::ﬁ ke + cos ky ) fffa‘ﬁ.p{ie;m kz + 5411-1..&_“1:'
ooy V2 ap(—isinky +sinky) £p + tplcos ks + cos Rq:l
f s - : =
_ Z fﬂj}f'a‘a‘h_a'u'a + h‘{“ J:t-[k._:' = t= -I— ]’i'lf]": + \izfﬁp[kﬁlﬂ-j‘ — k-_'r"l:rt_'ljl
P07, 2=2 5 : -
Z f,?p.r.-':.rng;t-+a1a_c, + h.c.
0, 0=

A Z H(p-t!..r._cr - ?ﬂ-prqm ](pf..."'.-.cl‘ + ?.prE.y.IT-":I'

.



_Spin- Orbit Interaction

—ek -
%"0 2m362 (}D X V\/) S
A szCZ( ’S X V\/) E
. ] 2 d / ey
V=VFE  H,= _zfqzc-’";_'at}’/ L-s

Hos= A+ 5 A : vector pofenf;‘a(

[/T’ $x vV
Zmzc’ v ¥

DM in #&Vaclzfon

; —> ?
’ﬁo= aD- VxA 4 /
D b j aD -
L = Unit Cetf
- 566“. A Uit c.ce
(&
s I -y
nfmite D \/: periodic function



Classification of Order Parameters

Time
reversal even odd
Inversion
Spin
even p M
charge density magnetization
odd J S 7 I J ) I
spin polarization | current toroidal
current moment

Spin current

—

«—-1
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Transfer integrals

(xy, xy) = (yz, yz) = (zX, zx)=t0
(xy, yz)= (xy, zx)=+t1, -t1

p-orbital - DM interaction
Spin-orbit coupling A
[2¢ - orbitals Ferromagnetic moment Umz

> %



Dispersion

A/
V4

5 | _
[0,0] [T, 7] [7,0] [0,0]
t1 =0.5t0, | = 0.4t0, Umz = 0.95t0.

The 4th and 5th bands are nearly degenerate
at k =[0,0] and [=/2, n/2].

Chn's: (-1, -2, 3,-4,5-1).




100 1

-100
=200
-300
-400

Gauge flux density

Gauge flux density in
k-space of the 5th
band

t1=0.5t0,
A=0.4t0,Umz=0.95t0
for the upper
Umz=1.05t0 for the
lower

The transfer of Chn :
4th < 5th bands at
(Umz)c ~ 1.0tO0.

(The transfer occurs
only at k =[0,0] in
this case.)



Parity Anomaly

o Parity transformation in 2D
(X’ y) - ('X7 y)

 Dirac fermion
2 " i
H = [ S0 (O (K) “(k){

V(K)+m kD(KX—iKy)p}
(27)

kp(icy +ix,)?  V(K)-m

K-k,

gi(E)=i\/(kDK‘p)2+m2 K= kD

(pxP™)*m

b, (K) = [V, x A, (K)], =+
2l(kpx )2 +m2 2

 Mass term breaks P-symmetry - New Energy Scale

m Is a function of (A, Umz) and can change the sign at
the critical lines in (A, Umz)-plane




Dirac’s magnetic monopole in momentum space
H=po+po,+p,0,

A, (p)=i<y(p)|(@/dp,)|w(p)>
B(p)=V,xA(p) = p/(2| p ) =solid angle/2

p = k :momentum

dr() _ agngk)|_ B (1) KO
dt o k k-pace- dt
curvature
group anomalous = AHE

velocity  yelocity »SHE

PN QHE
Pol. current
Quantal phase can not be
determined self-
consistently
In a single gauge choice


http://srd.yahoo.co.jp/MMSIMG/Q=sphere/U=http://taltos.pha.jhu.edu/~kunszt/sdss/images/htm/sphere.jpg/O=793072ba7d01a928/P=709/C=4ae3qr4tl7rtv&b=2/F=f/I=yahoojp/T=1164527285/SIG=121q6q4cr/*-http:/taltos.pha.jhu.edu/~kunszt/sdss/images/htm/sphere.jpg�

Electron fractionalization in 2D

H=y'[o"p,+0’p, +o'm(X)]y

. E-E-
=—sign(m
Oy =51 (m) \ /
(X—)ioo) [\
Chiral
Quantum Edge ch

Hall system

M(X)  Usual insulator
= vacuum



Resistivity [LQcm

Anomalous Hall Effect of SrRuO,

SrRuOg thin film on STO substrate
Tc=140 K p, =50 pQQcm

1.5 1.5

e =

1.0} 1.0 4

o

0.5 0.5 &

4

0 0 g

0.5 05 %

v

-1.0 -1.0 %
-1.5= 1 1 i | I —1-1.5 B | |

4 2 0 2 4 S50 100 150
Magnetic Field [T] Temperature | K]

Large value at low temperature

Anomalous temperature dependence



DOS (States/eV f.u.)
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Anomalous Hall Effect in STRuO3 - Magnetic Monopole in k-Space
Z.Fang et al.

~

N

DOS (States/eV f.u.)
N o

JES
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1
W
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Small energy scale
0 (K,~0) 0.02eV
_E Behavior like quantum
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T ‘ T
— Single Crystal
— Film

— Ca-doped film

— Single Crystal
— Film

— Ca-doped film

- gir?gl_e _c&.ial
- — Fim

r— Ca—dopetli film

0 Al

100
T(K)

¥ —— Orthorhombic (Calc.)

Cubic (Calc.)
@—®Single Crystal

__ . ‘!I A—AFim
' 9—@ Ca—doped film
1.5 1 0.5
Magnetization M (u,/Ru)

c.f. T. Jungwirth et al
(Ga,Mn)As




Another system of dissipationless AHE -- (Ga,Mn)As

Oy Q'em )

Oy Q'em )

80

60 |

40 |

20 |

60 |

40 |

(Ga,Mn)As

80 I |
40 ]
o -ammas | (IR,Mn)As .~

-
If.“

0 100 200

50 100 150 200
h (meV)

Jungwirth et al (2002)

Hopping transport
-- random network model

, dlngy hT

(To/T)”4 e*(Tn/T)l/“,

Loz,
dE e f3/2

Burkov-Balents (2003)

It turns that the intrinsic (Berry phase)
mechanism dominates !!
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FIG. 1: Haldane’s model defined on honeycomb lattice [12].

Open and closed ¢
respectively. The
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D.F.M. Haldane (1988)
Zero field QHE
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Spin Hall Effect



Classification of Order Parameters

Time
reversal even odd
Inversion
Spin
even p M
charge density magnetization
odd J S 7 I J ) I
spin polarization | current toroidal
current moment

Spin current

—

«—-1
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Time-reversal symmetry in quantum mechanics

®=¢"™"K Time-reversal operation

K complex conjugation
Olay]=a Oy <Oy |O¢>=<d¢|y > anti-unitary
@2 _ (_1)28

Kramers theorem
®H = H® Time-reversal symmetric Hamiltonian

Y and ®y are two orthogonal degenerate states

<y |Op >=< @Y |By >=—<y |y >=0



Barry phase and Kramers theorem

_oexpli fdn-A(n)]=e®
mTT T T TE=s N C,+(-C3)
Cgllf Q - 7

—_ - -

A, = exp ijdn-As(n)
Ci

Amplitude for Cj
w=2r S=1/2
» AA=-1 A=-A

= Tunneling amplitude from
nhto-n is zero A1.|_A2 =0



Anomalous Hall Effect

M magnetization

y A
/-}4\y spin-orhit
. interaction

9
Curr;tf T ?;

X

e
Fa

Spin Hall Effect




Spin Hall effect in semiconductors

6B, (n ) 1 x: current direction . iy
by = 1222 (kF _kF)EZ_eUsEz y: spin direction 200 \_cB
z: electric field % |
é 1.{1? E, | bt t
spintorbit int.
SU(2) analog of the QHE z Hﬂﬁsp
- topological origin P I
e dissipationless (b)
« All occupied states in the 207 5T T w2
valence band contribute. o
External electric field does not break ﬁ
time-reversal symmetry. |
Spin current is allowed in this system E
with time-reversal symmetr ,
Y ) , GaAs




Wave-packet formalism in systems with Kramers degeneracy

Let us extend the wave-packet formalism to the case with
time-reversal symmetry.

Adiabatic transport

= The wave-packet stays in the same band, but can transform inside the
Kramers degeneracy.

v, () = [ 8% (a,(d.0)|w (@ % D)+ 2,(@.D]y, (0. %) (1=H,L)

(zl(q:t)): 1 (ai(q,t)J
Zz(q’t) 1/af+a22 az(q:t)

Eqg. of motion

Kk =—eE
. OE" =/ ..
4 XI:@k —kj(z Fljz) n=H,L
|
kz':i(k;-,&“)z



Real-space trajectory within Abelian approximation

: : kA
Eq. of motion: k =-E;, % =—"+—=&,kKk,
m, k
It can be integrated.:
lz(t) (kxo kyO kzO z )
z(t):zo+kZ°t—it2,
m, 2m,
Ky
x(t):x0+kX°t+ s Bt =Ko
m, kxo+k JKG k3 +(Et Ky
k
Jt) = %+ K 4 Et—k,

m, kfo+k2 JKE 2+ (Et—k,o
Side jump (Lk (//S))

Ik

N

Hole spin
A<0

y

A>0
X

E/lz

Spin motion can be known from orbital motion since S = ik .

Spin current (spin//y, velocity//x)

: 1 EkH
Jx“y=§ > xS, (K) =

A=3k h

j- = sz n*(k) = EZkFL
¥ 3,5k 367%h




Spin accumulation at the boundary

p-GaAs
p-GaAs : x<0
: 0 =X Spin current @ J,, (X) = ],,0(—X)
Jyy
Diffusion eq.
0s’ (x,t) > 0%s” (x,1) _ 0y (X1)  s'(x1)
ot OX* OX T

S

Steady-state solution: Sy(x):jxy\/%ex“, L=,/Dr,

A S
Total accumulated y

SPINS: Swota = Jxy s




Spin injection by ferromagnetic semiconductor
Ga, Mn As
Ohno et al., Nature 402,790 (1999)

a | L I I IR R E
- A Sweepup
GaMnAs (p) S 1 V Sweep down
<
S
GaAs spacer (i) g
S
. (o]
InGaAs (i) N [ A L B
GaAs (i) € o
GaAs buffer (n) 2
GaAs substrate (n) §
z L
E -
b 2 E-
T(K)
| | | L | | | |
100 -150 -100 50 0 50 100 150

Magnetic field (Oe)

10

EL intensity (arbitrary units)
Polarization (%)

125 130 135 140 145 150 1.55 1.60
Energy (eV)



Experimental confirmation of spin Hall effect in GaAs
D.D.Awschalom (n-type) UC Santa Barbara
J.Wunderlich (p-type) Hitachi Cambridge

(a)

1.5um —?
channel

150  1.51
Energy [eV]

Wunderlich et al. 2004

T T (C) 1
1.50 1.51 1.52
Energy [eV]

1.49



Hall Effect of Light



Can neutral particle show Hall effect ?

Hall effect of photon A JV
M. Onoda et al, Phys. Rev. Lett. 93, 083901 (2004). |~ ¢
K.Y. Bliokh and Y.P. Bliokh . P

Phys. Rev. Lett. 96, 073903 (2006). g LN
F. D. M. Haldane and S. Raghu, o

Phys. Rev. Lett. 100, 013904 (2008)
O. Hosten, P. Kwiat, Science 319, 787 (2008).

Thermal Hall effect by phonon:Th;Ga;0O,,
Strohm, Rikken, & Wyder, PRL 95 (‘05).
Thermal Hall angle: o B) = k., (B)/ky.(B) ~ 10 *rad T~' at 5K.

Thermal Hall effect by magnons
H. Kastura, N.N., and P.A. Lee, PRL 104 (‘10).
Y. Onose et al., Science (2010)




gravitational lens

Curvature in momentum space changes the trajectory of light



Hall Effect of Light

Photon also has “spin”

(ayn = vo/vl—ZO

A ~2" x1001

unit
X ﬁ )/ll]]l

x . S

1/2

| A~ 2
/] 2
71,__ x>

force: k. =-[VV(F.)k. 3

i ) ) S S 0 -«-5‘?\___.______-____- =
polarization: | z_) = -1k, A |Z,) NI
\‘-_E,J’
M.Onoda, K.Y. Blikoh, y . EZ??EQ?QS?;E?M
S.Murakami, Y.P.Blikoh 0 RCE 0.5

N.N. (PRL2004)



Rotation of polarization in optical fiber

polarization
rotation

=

BERRY'S —=
ol PHASE

LASER

ROTATION OF PLANE OF POLARIZATION, ® (rad.)

Tomita-Chiao 1986

M.V.Berry o e :

SOLID ANGLE, 2 (sterad)

solid angle



Sciencexpress

Observation of the Spin Hall Effect of Light via Weak Measurements

Onur Hosten* and Paul Kwiat

Department of Physics, University of Illinois at Urbana-Champaign, Urbana, II. 61801, USA.

60 |
40
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-20
-40

y-displacement (nm)
o

A =633 nm

H

&,

20 40 60 80
Bl(dcgrccs)

407 9 20 40 60 80

v,(degrees)
"]

y-displacement (nm)

A =633 nm
0 20 T 60 T 8o
Bl(degrees)

1 angstrom accuracy by
guantum “weak measurement”
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<\p3 A
<W2

W1>
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Giant shift of X-ray beam in deformed crystal

. PRL2010
SGWGdG-MU r‘a kam I- NGgGOSG PRL06 |&d Selected for a Viewpoint in Physics week ending

Berry curvature in r-k space PRL 104, 244801 (2010) PHYSICAL REVIEW LETTERS Veek ending

Berry-Phase Translation of X Rays by a Deformed Crystal
(a) Yoshiki Kohmura, Kei Sawada, and Tetsuya Ishikawa

RIKEN, 5Pring-8 Center, 1-1-1, Kouto, Sayo-cho, Sayo-gun, Hyogo 679-5148, Japan
(Received 21 December 2000; published 14 June 2010)

(a) _500um (bl | (c)

-1.25 6.25
log {intensity)

channel cut crystal
monochromator Si(400)

sample crystal vy — v gin
Si(111) phase retarder  Sj(400) Ya =Y 0

y diamond(220) v, detector
e A ; ‘\1 0, 34V
! | , Bragg reflection
I L,~1.9m © L-06m
\
(a)

shift A7,

deformed

incident o "'-.\ \

\ edge of
1

deformed region output

~10° enhancement A\

sample edge



Magnon Hall Effect



Kubo formula for thermal Hall conductivity
oo B
oo =Y / dt / AN (—iNF4 )
W= i Zna () (O (F) (wa () + ws(K))*O 4, (K) = (2 & y)]

R

Oky
B _ Berry curvature
Bose distribution , () =1 /(¢fah) 1)
function

(H (k) + wa(k))

c.f. Matsumoto- Murakami
16.JSm* ou
LSt~ st — L Tm Z p(cik) < !

hv Oka

() uq
Okp



Thermal Hall effect in Kagome ferromagnet

Spin Wave Hamiltonian Magnon dispersion JS =1, ¢ =7/3

H(k) =4S — 2JSA(k, )/ cos(¢/3)

(0 cos ke 3 cog ke
A(ka ¢) = | COS klei‘b/‘g’ 0 COS k-2e*i¢/3 )

oS ke T3 cos kyet®/? 0

(kj = k- @)

TKNN-like formula:

. - k)~ JS(K? + k)
(6J5)? / L2k - , . wi L
Yo —— : k) Im(0 k)|o k _ _
" 2T Z (27r)3n1( ) T (O, v ()]0, ua (R)) T-linear & B-linear!
_(678)? /OO k. k — k2 T / o BAs
2T )y 2mePISK 1\ 973 36\/_ b= he

Skew scattering? Small in the scattering of low energy limit (s-wave).



Target material -Lu,V,0-

0\\.\ / Y
/47/ \,,L\ ‘

/

.\/

v'Pyrochlore Lattice
(111) Plane is Kagome
v'Collinear ferromagnet

v'insulator

Mug/V))

Resistivity(©cm)

Ko (W/Km)

e e
o O O
N w EEN

, LU2V207

LT T T [ T T T T [ T T T T

A HI [111] ]
P8 H=0.1T

X

.4

.2

1K)

100

150



Thermal Hall conductivity for Lu,V,0-

Lu,V,0; A[[100]

Ky (10° W/Km)

Magnetic Field (T)



Theory of magnon Hall effect based on DM interaction

i site Katsura & Nagaosa

i>=trtritrrtt
< jl-35,-5, + D, -(5,xS)li >= (31 2)e"
3ei¢” :J+i5ij°ﬁ

Magnons acquire Berry phase owing to
DM interaction.

s : ..

x ° ' e [ ) ..
= e . / :

'9| nycalc(H)
= : o« |
o) H||[100]

T=20K

0
Magnetic Field (T)

k2T guH Y [K.T . gz H
Koo (1) = Py nS’BZha(2+ 235 j 238 L'S’z[exp(_kg—BT |
00 k
' ' : Z
(isotropic) Liy(2) = =
k=0
D/J=0.32
Cf. D/J=0.19 for ‘ _
P e
10 CdCr,0, 4
c.f. Matsumoto ¥ P | =2
-Murakami I

10
magnetic field (T)



Topological Materials



Topological Insulator



Spin Hall Insulator

S.Murakami, N.N., S.C.Zhang (2004)

HgTe, HgSe, HgS, alpha-Sn

(xefa)
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\_% o o ﬂ
Er EF 005
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- ‘5-2 -5 -1 5 1 15 2

:
rin

_ Rocksalt structure: PbTe, PbSe, PbS
x efa)

oos X€@) H =vk - pr —}—/\'Uk (pxo)m+ M 2
R Mva=0.15— : 1 P T2 UTTs.

yol Miac0 25 Fradkin-Dagotto

o0n AW e -Boyanovsky k) + Z da

0.01 \

oo Tchernyshyov {

-0.02 ) . T ’.-QL — 'nH G
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Global properties of manifolds
and topological order

Gauss-Bonnet

L Ko, Ao, =2my(S)

2(8)=2-29




Quantum Spin Hall insulator system

© C.L.Kane
F
Insulating state
@ @ @ Conduction band
-
o op @p  Z|iow
@ @ @ Valence band
Momentum >

L.
”

Quantum Hall state

Conduction band
Q Q Q g 1 Gap ‘///B:I;:tates
Q Q Q Valence band

NN N NN YNV

Energy

Y

Momentum

Quantum spin Hall state
Conduction band

TSpin “up”
/— Valence band

L >

Energy

~
-+

Y

Momentum

Backward scattering is forbidden  Xu-Moore
by time-reversal symmetry Wu-Berbevig-Zhang



Haldane model for quantum Hall effect

1st BZ
)
K K
K K
Complex transfer integral Dirac fermion at
between next nearest neighbor sites K and K’ points

Generation of the mass m with the same sign
at K and K’ points

Quantized Hall effect
without Landau level formation



Quantum spin Hall phases Bernevig and Zhang, PRL (2005)
Kane and Mele, PRL (2005),

* bulk = gapped (insulator)
+ gapless edge states -- carry spin current, topologically protected

Quantum spin Hall state = Quantum Hall state X 2

B

e’ : e’ :
g, = " for up spin o, = T for down spin

Emergence of the helical edge mode



1st BZ Two Dirac Fermions at K and K’ © 8 components
Ho = —ihopd! (0,7.0, + 0,0,)0.
K K Hso = As, 'ir.-f.*'i'{:r:'rz S0,

K K

helical edge modes

y t
- < 2
—® > &
-® < o
-® > &

Stability against the T-invariant disorder due to Kramer’s theorem

Kane-Mele, Xu—Moore, Wu-Bernevig-Zhang
|-k4>=0|k T> HO=06H

<k TIH|-kI>=<k T|HO |k T>=[H |k T>]'® |k T>
=[@? |k T>T[OH |k T>]=—<k T|HO |k T>=0



Charge pumping

| | 1 Cik(R—
|T-.E*'~n._lﬁ.:::' _ T Ei..i!-.,.r |u*.r1.f;:-} |R_‘ ﬂ-:} _ 2_,... dlee ik(R r”'”.i:.:_,n}
Ne ) Wannier function
1
PP = Z(D ?1|-}-1||:|? ?1::. — E fﬂ{k A(!IJ] pOlGr'iZGTion

T

Alk) =1 Z{Hk__ﬂ?ﬂ“k,n} Berry connection

T

P,lts] — P,jt1] = 2%_ bﬁ die At k) — jé

]

dk A(t, k}}

P,[ta] — P[] = i/ dedk F(t, k)

iy

Ft. k) =i (Vitgn(t)|Viupa(t) — c.c)

i
Berry curvature



Charge pumping and electric polarization

| | R {
D) = AR |0, ) Bloch functi
|T-.'-*i-1-ﬂ.,j vﬁf |Uﬂ.,r”- och function A
I’ unbounded operator t2
J=—er="P
Polarization current t1
t, > Ik
P(t,) - P(t,) = [ dtl -7 7
b

P,[ta] — P,[t1] = 2%_/ dtdk F(t, k)
T19

F{f 'I:] — EZ {{:?t“k.n (f”?kii,ﬂrn (tjl} — CC]

” Berry curvature



Z2 pseudo spin pumping

Fu-Kane
Vo Xk, I
- = € O |y . -
kol | -f'-’:: Time-reversal pair
)= —exreOluf )

]. " e n .
S dkA*(k), s=1or II spin se.lec’r.lve

polarization

AS(;J) — Z-Z<Uk af‘\_/k‘“k &)

¥

Al (k) = AM (K Z‘mm

1 iy
pl — 5 US dkA(k) — Z (Xm.a — X0,a)




Pt w(0)] Pt [u,-( T )]

A @ 8
A4 A = Py(T'/2) — Pp(0) mod 2

T2 |- - 7] S l}.m H \/Det [w(

0




Z2 topological invariant

4 = =
11 /Det[w(T;)]
0% = 5w,

Kane-Mele-Fu
Z2 number and helical edge modes

)
A b
or T At . (b)
I, T,
T TRF-1--9- T/2 bemmeao : %ﬁ: Cag 4
rli Cl‘; rz k
0 y 0 2




Electron fractionalization in 2D

H=y'[o"p,+0’p, +o'm(X)]y

. E-E-
=—sign(m
Oy =51 (m) \ /
(X—)ioo) [\
Chiral
Quantum Edge ch

Hall system

M(X)  Usual insulator
= vacuum



Effective Theory for the phase transition
between QSHS and Insulator in 2D

= [ har(R) hay(R)
= (hﬂ(é’) hﬁ@)

H(k) = JyHT(—E){Ty

Murakami et al. 07

(a) no- inversion symmetry

WA
Vi

IS
IO ;

k=-

\/ \/
ANYAN

k=ko

N

AN
Sy

(1
~
L=
11
=
L+ ]

N

m=<0

(b) Wlth Inversion symmetry

k=0

m=0

k=0

\/
Q

?
m<0 m=0 m> m
asz a; — “E:{TIQ 0 —{4 — “E:CI.5
_ aj + 1as —as a4 + tas 0
H(0) = Eo+ 0 a4 — ias as ai + ias
—a4 + tas 0 e — gy —(3
5
= ko + Z a;il';, (8)
=1

5 Y



CdTe/HgTe/CdTe quantum well

Bernevig et al.
15 HgTe = CdTe s
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Experimental observation of QSHE
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Electron fractionalization in 3D

H = 1//+ [TX(E . B) + Z'Zm(X)]l// 4x4 Dirac

H Surface — ¢+ [(; X B) ) _éx]¢

2X2 Massless Dirac

Topological insulator 2D

X) Usual insulator
= vacuum




Generalization to 3D system

Fl@) ) H :l//+[px(0° p)+sz(X)]W

. i —A Sb3
a —
%1 “az b2
€ g Iy
€ | — — _ —
al " (=)™ = | | Oninons

K k TLJ':D:l

(_1)111:1.2,3 — H 5?’11719113

njx;=0,1n;=1




Bi, Sb,

Pure Bismuth Alloy : .09<x<.18 Pure Antimony 3D gener'a“ZC(Tion
semimetal semiconductor Eg,, ~ 30 meV semimetal
\ / / Of QSH SYSTem
N c \/ c A\ Topological insulator
LWV F F
—— R 1

L, : v =gap
TE_) /\ A /\ /\ A\ A /\L helical edge channels
T L - — ~
k Inversion symmetry = (—1)" :ljljjzn(l"f} ::> H — W+ (G X p) | ezl//

odd # of 2D chiral

Experiments on Bi,_, Sb, Dirac surface metal

Map E(k,.k,) for (111) surface states below E¢ using .
Angle Resolved Photoemission Spectroscopy - Robust 090”’\51’
D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J. Cava and M. Z. Hasan, Nature (08) in press disor'der‘

- Superconductivity ?
a ] I
o e P

E

® spin ||y

® spin||-y

* Bulk Dirac points at L project to M in surface Brillouin Zone

® Observe 5 surface state bands crossing E; between I" and M
and Kramers degenerate surface Dirac point at M.

* Bi,, Sb, is a Strong Topological Insulator Fr.om C.L.Kane's homepage



Field theory of topological insulator
Qi et al., PRB78, 195424(2008)

V-~ g
\-\x\:

ﬂvaTAﬂ(?VAp(?GA.J-

\ 04 Seff =

,uf’ n
P d*kdw oG\ oG\ oG
Cr=——€e""P7 = Tr| | G— G— G—
15 (27) dg* dq” dqgP
oG\ [ oG |
X — N G—— ] |. Bloch wave in (4+1)D
aq aq’
C-E = _%27]-2 ddrkﬁjjkf tr[_fj}fkf]

3= - P 4 a1 k) =




Current density

5Seff[‘4] L
j =

OA ,(x) 81T

C
Ay=0, Ay=Bx, A,=—Et, A,=A,=0 mEEp j,,.,,=42,}3311«?z
] o

A

C)

Dimensional reduction: From (4+1)D to (3+1)D

k, = O(X) = 6, + 50(x) mmps, =

/ .
3(60) fd“’xdreﬂvwc?ﬁ(?#ﬂp(?ﬁr
dar

; (6 )_ E qud(ﬂT ot (G(?G_l)(G(?G—I)
=76 ) emt S g aq”
G~ G~ G~
X| G G— I\ G——| |,
dg” aq’ 6
63(60) = 3 fdjkejjk tl'[fgifjk]

87°



IaKA = trlfapfepl = G3(6) = f &’k KA

?217‘
)
16772 { fBc— S[f?ﬁaac] 'ﬂ'DJ

P5(6,) = f dkK?

K‘A

1
> Sip=7— f dPxdre™ A (IP4/6) 3,600,

ﬂ S5 D:—fd xdte""TP;(x,1)d, A A,

Axion electrodynamics

Time-reversal symmetry mmmp P, =1/2 or0 modl



Prediction for phenomena

1. Hall effect induced by spatial gradient of P 2 VacuumP. = 0
) =

u_ % 1P
JEL LT Tl P=+1/2
D ) 1 )
Jy = dzj, = P dP; |E,. (@)  oy=1/2n
2 - 2y R |
Jt= 27 [<
) 2
2D € TI ®E,
T, = dP>/2m. =X — = Ex L2
xy JZ 3 ! 2h J d I
2. TME induced by temporal gradient of P,
1) e’ @ EM ) f
P, = n+5 EB -.."'TI".* hx%
o / ‘< eeeeee/




Bulk v.s. surface in topological ME effect

.- [or{ 489) 2 )E 5
27 27

— T /T Joc VO<E + 6B
\ . ; o oc—VE-B
Einq A(t)
B) B O appears in the form of O, O
T T for charge and current densities

YV @ produces the surface current

1z, requires the bulk T-symmetry breaking

Qi et al., Essin et al.

@ =0mod2;or @ =z mod 2
due to the time-reversal symmetry



Magnetic impurities in topological insulators

Z. Hasan's group 2008 Magnetic impurities could form insulating

YL.Chenetal. 2010 ferromagnet on TI through localization
E F G
<aff)= Magnetic Impurity _é:
: 3 =
. ol ‘:r‘ - - —— 3
Py 5 =@
P s 5 =1t
- [=)] s
L £ —18
f % 3, £ —=
- o B =
- gpoionica! & =

005 0 005 04 02 0
k (1/A) Binding energy (eV)



Hig = (41/C) Jy

Difficulties to realize TME

1. Get rid of carriers in the bulk

2. Attach the insulating ferromagnetic layer with the magnetization
perpendicular to the surface

3. Tune the Fermi energy within the gap of surface Dirac



2D . . K.Nomura and N.N. PRL2011
Hbirac = —ilwrz X 0 -V +mo3 ¢ Niu arXiv:1011.4083

P = Ei:{] J;LV;L(T)_ Disorder

1.5

- L= 4hve/m | o L=4 hve/m
—e- L= 6 Five/m o L=6hve/m .

-------- cleanlimit
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ME control of surface magnetization
K. Nomura and N.N. PRL2011

surface
magnetization
2 a3
B =g =
Tl
e’ e’
=+—8B E = pEd =+—BEd er unit area
ST =T n i
Bulk energy gain controlled by B ~10°T
surface magnetization eff ™~

Id

B=10T E=10"3 V/em d=1mm acting on surface magnetization



(a) p = +(e?2h)B
domain wall T T—
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Spintronics on Topological insulator

BiESEE Vi={1 ,D‘DD}

0.4 — -
-0.2 0.0 0.2-0.2 00 0.2
(a) k, (A) k (A7)

Hsieh et al.
Xia et al.

02 -01 00 01 02
k, (A"

(b)

2D Dirac Hamiltonian H = \|]+g : (Z’Z X ;)\V



Spin textures are charged on topological insulator
K. Nomura and N.N. PRB Rapid 2010

Assume that the Fermi energy is within the gap 2 QHS

n.< A, - —
V-ne (VxA),=8,
n, < —A,

in oA
P < o,B, —) ped:_( )Vﬂ’ A=M

CUR
exchange coupling

GHA) on

jx = GHEJ/ - _GHAJ/ - jlend — ( It

cCUR

P, =—"—n, in-plane magnetization is equivalent to
Ve in-plane polarization



Spin textures are charged on topological insulator
K. Nomura and N.N.

ind Uﬁﬂ) .ind (Uﬁﬂ) on ind ( Ye ) ind
— v ) . — " e - e
Pe ( n, J. 2y P — )P

eV EVp fm
(El) q_led)fr_(] (b) q—l,d)f,—m’fl \|
V ,
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Sl “« = hardaxis N —-x €FE
- ‘jiw.x_*x..y - 5 ! o T S L L e o
x n o > :‘“«\4‘"4— _____—'=:=__;
N ———B—
(c) (d) E
B -— — T T ‘y T N &= =
Y ::: i ; ; I : :: topological insulator
NS 4 Ed _.... ++++++++++
7 TI Cw ¢ ] NN /LEeE
* e | NN L L e e I
On ol iies Domain wall
Vortex Charge density along the DW = e/é
E~a(E,,/A) A exchange coupling

Vortex creation/manipulation . .
by gating a ~0.01 Gilbert damping

~ E©) x 1072[m/s]

c.f. Haldane, Qi et al. ‘ﬂ
dt




Similarity between d- and p-orbitals

dxy’dyz’dﬁ(_)_p)zi px’ py
—L<«< L
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Transition-metal oxide

c.f. Topological Mott insulator

S. Raghu, X-L. Qi, C. Honerkamp, and S.C. Zhan
Strong electron | 0 P |

correlation

InEnEE0EE
CoRDoan
=R

orbit coupling

For Sr,lrO: U~0.5¢V
Cep~0.45eV
B.J. Kim



SOC induced Mott state — schematic picture

UHB
LL ---- U ez
1y Optical Conductivity at 100K
band LHB
AB JQ,_1 2 UHB —~
=1/2 N . v ‘g
wide f;—band Metal §=1/2 Mott ground state ‘ % Jﬂ— 112 LHB o
50 -~
_)J,ﬂ,_ 3/2 band D
g
&

Jeﬁ‘: 1/2 band

o)
Jeﬂ': 3/2 band

Jgband split due to SO

U=~x¢,~=05V for Sr,lrO,

Ir** : 5d°

isospin up

1/2) = (ley 1) +|yz |) +i|zx
xy ) +lyz 1) —1

—1/2) = (-

I
Lso

spin up, |,=0

} ::Jsﬁ-= 1/2 UHB

J, =12 LHB 0. :
Photon Energy (eV
J = 3/2 band 9y (&V)

B.J. Kim T.W. Noh

Optical spectroscopy

Jo7= 1/2 Mott ground state

0.0 1.0 2.0

Double peak feature in optical conductivity

J 4= 1/2 Mott ground state A: Jyplower) =], y(upper)

< J312 12

X-ray Absorption Spectroscopy

/ ‘i\;:.ﬂf2}+f| = F12))

Characteristic orbital state with
xyyzzx=1:11 ratio of Ju=1/2 is
confirmed by O K-edge XAS

Intensity (Arb. Units)

spin down, |,=1

528 530

1)/V3 u 5
P n T) )/ \ﬁ L] apicalo

——=—in-plane O




Crystal Structure of Na,IrO,

Ir* (5d°)  H. Takagi

N

©




Complex orbitals produce complex transfer integrals

H = Ztue 'JCIG JG+UZnITn|¢

ijo

<P TIH[1/2>=te" < pz’\l’| H|-1/2>=te™"’

| p,, T>
| p,, 4>

0

&
‘]eff =1/2, |i1/2 > 1/2> = (|ry T) T |ii~'!3 l> + 2'|,-:¢.z-' V}V\/g
—1/2) = (ley 1)+ |yz 1) — il=2 1))/V3
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DOS
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DOS

= R OB O o0

c.f. Jaejun Yu
trigonal X-tal field
splitting 0.6eV
> Trivial insulator

1 dominant
| o =1/2

e

|

-0.5
energy [eV]
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Correlated Kane-Mele model

(pd)® /(& —Ep) -order processes cancel for 90-degree bonds

L|(pdn)P? (ppo) +3(ppr) 1|(pdm)l* (ppor) — (ppr)

EEd—Ep € — €p h:*-'fEd—Ep € — €p
are of the order of room temperature
o .spin
2 hi () |24 3 h(r . sublattice
Ho= | d°ri"(r) |3t n,mo07 — Etnz[—zdy*rx +i0x 1| | ¥(r)l 7.SU
‘ n:KorK



Quantum Hall Effects in
Heterostructures of
Transition-Metal Oxides

arXiv:1106.4296

Di Xiao (Oak Ridge)
Wenguang Zhu (Knoxville)
Ying Ran (Boston)
Naoto Nagaosa (Tokyo)
Satoshi Okamoto (Oak Ridge)


http://arxiv.org/abs/1106.4296�

Perovskite (111)-bilayer

» Honeycomb lattice: Similar physics to graphene is expected

» Sublattices on different layer: Inversion symmetry breaking can be
externally controlled (i.e., gating or asymmetric substrates)

» Reduced crystal field symmetry: Octahedral to trigonal



Atomic Orbitals in Crystal Field + SO

d .
E‘g B A P&A A N Eg

M T - A

2" order SOC
100q ., 10Dq
 — a1g
LA — s —_

129 j=3/2 &g tEg

Spin-orbit interaction +  Trigonal symmetry

q h



Materials Consideration

A=La®*, Sr2*
aBOs — B3 §>
S1BO; — B*

AB Dg_, ABG:, ABO, "AB n.::J:1

AB’0s: LaAlOs and SrTiOs

TABLE SI: List of candidate materials

Configuration Bulk Superlattice
LaReQOs ta,
LaRuOs t5, metallic Ref. [2]
SrRhO4 thg metallic Ref. [3] Ref. [4]
SrirOy t5, metallic Refs. [5, 6] metallic Ref. [7]
La0s04 13
LaAgOs egg metallic (band cale.) Ref. [8]

LaAuQ, eg Refs. [9, 10]




t2q Systems

metal

Enemy (V)

metal

Energy (V)

LaAlOs/LaRe0s/LaAlOs

LaAlOs/La0s0s/LaAlOs

= I [ — ——
T— _ | g {Gap:35meV T | —
T ::"{:______ - = —_— — | T —
1 Nf" 1T _f e | #,_1' -
— | TR
] / If\ S dh ~—
: - / —_— __-"’_'--.d—:'i.---’f [ T e
2|5d : 15, T~ 5d : t5,
[ . . r I . .
SrTi0s/SrRh0s/SrTi0s SrTi0s/Srir0s/SrTi0s
e N
|~
H,f’_\\
= &ﬁ;—————: od : tgg
I k. M

Tl

Tl



eq Systems

Energy (V)

LaAlOs/LaAg0s/LaAlOs LaAlOs/LaAu0s/LaAlQs

o —

— T —

- e __-—'

LaAuOs bhilayer has an energy gap ~ 2000 K



Integer Quantum Hall Effect

How to hreak time-reversal symmetry?

» External: Ferromagnetic or G-type antiferromagnetic substrate

» Internal: Stoner instability (U/Bandwidth>>1)

Mean field Hamiltonian H = H.4 + h-&

4
20— C=-1 — E— 3 ]
S R i i -
1.3 N - C=1 ] - CF0_—
— —— 5l T
10— ~— T
- . C=0_ ~C=0 -
0.5 - T C=1 — ]
0.5 3.5 [ “c=0 " o | T ] )
g 1€g = "o — | E “g
W gz c=0 al C=1
L - " o
- - = C=0
-1.|::- B 0 —:l
1.5 £=1 -zl
I ]2t L
2 |— - ) C='1 T A - ':—-1
1 1 1 1 _‘1 1 1 1 1
r K M rr K M r

Small h Large h



Fractional Quantum Hall Effect

H=H., + ho, + Hj

Hy=U Z NiatMial + U’ Z nianig +V, (i) TViT;

i,00> 3

U: Onsite intra-orbital repulsion
U’: On-site inter-orbital repulsion
V: Nearest-neighbor repulsion

U=U" =tV =0.5t

What is the Hall conductance for a 1/3 filled nearly flat band



Fractional Quantum Hall Effect

» 3-fold degenerate GS

SR

0123 4- E 12 lﬁ- EI] 23
Nz+EKy+Ex

» Chern number

Oy ;M; I/h/hdmldmg
(G52 - (Bolzee)

g=3, C1=0.3344, C2=0.3311,C3=0.3344

Other proposals, see Tang et al PRL; Neupert et al PRL; Sun et al PRL, 2011
Neupert et al., cond-mat 2011, X.L.Qi, cond-mat 2011




Topological Superconductors



Analogy between
chiral superconductor and QHS

Quantum Hall system
, Chiral superconducfor‘

/Spontaneous /
T-symmetry breakin

?7?

Chiral Edge Mode
<

2
€
o :Fn N Topological integer

Chiral edge channels



Chiral p-wave superconductors Sr,RuO,
Maeno (1994), Sigrist-Rice

Spin-triplet p-wave

Time-reversal
symmetry broken

Topological index for chir'ali‘ry

-. (a) A2 (b) -\b
dm Jdm o c_o
» T - (trwlall F
J.:\'I :_ dﬂlﬁ. d‘}:l-'-l - >< - “-t,,____!_%/
. r)]?-: . f}k' .. topological ZL
X Vi (weak pairing) / = (c)
- -n;n—_to;)oTog_ic;I - S ,i_i- = lgplzl:iog}ical)
m= _l B m=(Red.,Imd. €;) strong pairing
m

Volovik

related to the # of edge channels but not to o



1.03 \%/12; SFZRUO'1 _ _ .
g SRO-Pt point contact

1026 -3 0 3 6

e/ /}3 Andreev bound state

1.02F \
_ p
2" h"‘“\ /o F. Laube et al. (00)
= 1 1:13 L V}V. 3T
1.10 -\\\-"ﬂ'a fﬂ‘—"‘/”_ .
\ _ Kashiwaya et el.
T S— /\‘; v f\..,.._.--—m‘l—_-
105 I{", ;f
oltage 2
e 1 i
‘ charge oy & - : Compr‘deSSIble
accumulation (ke4)® ground state
> Furusaki-Matsumoto-Sigrist (2000)
Current |




Majorana (real) Fermions

f*, f  Usual (complex) fermions

v=>(f"+f)/V2 = wv=y" yp?=1
“half" of the usual (complex) fermion
"real” fermion

Chiral Majorana mode at the edge of spinless p+ip SC (A.Furusaki et al.)

. q 1
Hy = ¥i(r) (—.—"T’" - ﬁ-!) (r) + 5 In(r)” -

' ; A
_T{yh}[ﬂ ' t"lr[i'“')vt'_;['l‘] — EJ;—‘F-”""I:.;-‘] - (r)Vi(r) /
o _dk : > k

by, 1) = E,ﬁ,-ﬁm_..-zr/ - (Efﬁ,w_l.“ _ E_“"F"“-"‘_t'”ﬁ,;)
0 V4m

kg
H, = / dk vk
(I

c.f. Majorna zero energy bound state at vortex
(Read-Green, Kitaev, Ivanov, D.H.Lee etc.)



Majorana (real) Fermions

f*, f  Usual (complex) fermions

w=>f"+f)/V2 mp w=y" y?=
“half" of the usual (complex) fermion

f =@y, +I wz)/\/i “real” fermion

Wi, W3 W, e, We | ++- Won-1¥ 2N

Cooper pairing

Wi,Won  Single fermion > 1q-bit



_ Alicea 2012

(a)

non-topological

topological
(weak pairing)
non-topological
(strong pairing)




Proximity effect of SC and topological insulator
Fu-Kane

W{«:E;D

A B channels

SC Ferro Chiral Majorana

Ferroup |Ferrodown| Chiral Fermion

SC ¢9=0| SC ¢=x | Helical Majorana

Ferro Metal No channel




Fu-Kane, Beenacker et al., Ng-Lee et al.

+ - -
C, =y, t1y; C:?:7/1i/7/2

v /

e mkgT sin(eVOL/vyy)
[=(—1)"= : kpT, eV < A,.
) Sk, ToL Ton) B € 0




Non-centrosymmetric Superconductors

CePt3Si

Bauer-Sigrist et al.

Ho =Y ¢ (5 + A(K)-0)c,

k
A(k) =—-A(-k) Time-reversal
z(k) = z(—k) Space-inversion

Mixture of spin singlet
and triplet pairings

Possible helical
superconductivity

LaAIO3/SrTiO3 interface

Fig. 1. STEM and EELS A

analysis of a LaAlO4/5rTi0s B : fl\ : Y

heterostructure. (A) High- |+ Fittiits A \ -

angle annular dark field it ; V} W D
1

image of a 15-uc-thick
LaAlO; film grown on SITi0s
showing a coherent interface.
(B) O-K EELS spectra of the na  —SITO, subsirale |
SrTi0; close to (1.5 nm) and 540 545
far away from the interface. __Energy Loss (eV)
Even at 15 nm from the c 4]
interface, the O-K fine struc- ,' 'Qk
ture is only very slightly [\ \
VoA
1

damped compared with the Al
/ vV Vv
low concentration of oxygen
close to the interface are E1lefgy Loss (eN)

]
/ ==1.5nm from interface|
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bulk. The damping could be

caused by the presence of a Had b =
’: ==1.5nm from interface

vacancies. (C) Small changes 2 nm L i

of the Tilss fine structure 455 460 485 an

consistent with a small concentration of Ti**, which falls below the detection limit by 6 nm from the
interface and beyond.
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Fig. 2. Transport measurements on LaAlOs/SrTiOs heterostructures. (A) Dependence of the sheet
resistance on T of the 8-uc and 15-uc samples (measured with a 100-nA bias current). (Inset) Sheet

istance versus temperat d bety 4 K and 300 K. (B) Sheet resistance of the 8-uc
sample plotted as a function of T for magnetic fields applied perpendicular to the interface. (C)
Temperature dependence of the upper critical field H.; of the two samples.

M. Reyren et al 2007




Edge modes of various systems

v 5 5 ;
ot =) 1"
Majorana Chiral SC QH
fermion N ~ : N

Wk+ =Y _y

" E - _ o [E
o [ =)

\E/ Helical SC QSH SE
N Q= 2= P <<

Topological Superconductivity and Superfluidity

Xiao-Liang Qi, Taylor L. Hughes, Srinivas Raghu and Shou-Cheng Zhang

émmm  robust susceptible m——)

Chiral Chiral :Helical |Spinless i Helical | Spinful | 2-Spinful
Majorana] Fermion : Majorana| Fermion : Fermion | Fermion | Fermion

p+ip SC 1/3 Helical | Ferro QSHS | Q-wire | Ladder
p/2FQH | FQH | SC wire i
BTI+SC :




Split electrons into fractions

L R

R

L\

RorL
Tor

positive or negative energy
-8 pieces of fractions !

Prr = aX¢RT etc.

Various combination of ¢'s

harmonic

oscillator  can be fixed by el - el interaction
>Recombination of pieces

susceptible m——)

émmm  robust
Chiral Chiral : Helical Spinless : Helical Spinful | 2-Spinful
Majorana| Fermion : Majoranal Fermion : Fermion | Fermion | Fermion
p+ip SC 1/3 Helical | Ferro QSHS | Q-wire Ladder
9/2FQH| FQH i sC wire I

STI+SC




Topological periodic table

Kitaev, Schnyder et al. PRB 2008

symmetry d

T? c? 5 0 1 2 3 4 5 5 7
A 0 0 0 Z 0 Z 0 Z 0 Z 0
Al 0 0 1 0 Z 0 Z 0 Z 0 Z
Al 1 0 0 Z 0 0 0 27 0 Z, Z,
BDI 1 1 1 Z, Z 0 0 0 27 0 Z,
D 0 1 0 Z, Z, Z 0 0 0 27 0
DIl —1 1 1 0 Z, Z, Z 0 0 0 27
Al —1 0 0 27 0 Z, Z, Z 0 0 0
Cll —1 —1 1 0 27 0 Z, Z, Z 0 0
C 0 —1 0 0 0 27 0 Z, Z, Z 0
Cl 1 —1 1 0 0 0 27 0 Z, Z, Z

h QN

time-reversal

particle-hole
chiral



SI‘QRUO4

Maeno et al. JPS] 2012

CU__T, B12 Se_3 (7)
Sasaki et al. PRL 2011
d
_ 2 3
Chiral superconductor 0
Helical superconductor Fd
Topological Insulator 2 Z; o
0
16 - : : -
S o, VW R=h/(2e*)
12} 1 _ O
0L BlQ SCg 5

-0.2

Xia et al. NatPhys 2009

R kO

XX

3

| um x 1 pm, 1.8K
e 1um x 0.5 pm, 1.8 K
o 1um x 1 pm, 4.2K

-1 0

-HgTe/CdTe  Bi_,Sb,, BiyTes,
> Koenig etal JPSJ 2008 B1T1Ses etc. 04

1
(V-V,) IV



Theoretically design of
topological superconductors



LaAIO3/SrTiO3 interface

Fig. 1. STEM and EELS
analysis of a LaAlOs/SrTiOs
heterostructure. (A) High-
angle annular dark field
image of a 15-uc-thick
LaAlO; film grown on SITi0s
showing a coherent interface.
(B) O-K EELS spectra of the
SITi0; close to (1.5 nm) and
far away from the interface.
Even at 1.5 nm from the
interface, the O-K fine struc-
ture is only very slightly
damped compared with the
bulk. The damping could be
caused by the presence of a
low concentration of oxygen
vacandies. (C) Small changes
of the Ti-los fine structure
close to the interface are
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consistent with a small concentration of Ti**, which falls below the detection limit by 6 nm from the

interface and beyond.
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Rashba control of LaAIO3/SrTiO3 interface
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A.D.Caviglia et al. 2007

Fig. 2. Transport measurements on LaAlOs/SrTiO5 heterostructures. (A) Dependence of the sheet
resistance on T of the 8- uc and 15-uc samples (measured with a 100-nA bias current). (Inset) Sheet

istance versus t d bety 4 K and 300 K. (B) Sheet resistance of the 8-uc
sample plotted as a function of T for magnetic fields applied perpendicular to the interface. (C)
Temperature dependence of the upper critical field He: of the two samples.

M. Reyren et al 2007

Novel FFLO state in Rashba interface

K. Michaeli, A.C. Potter, and P.A. Lee,
arXiv:1107.4352v2




Rashba spin-splitting

T -symmetry: k T -k {
| -symmetry: ko < —ko

m kT and k { are degenerate

I-symmetry br'eaking - spin splitting

Hspin—orbit 2 2 2 (E X p) S

2 4
HRashba = hzrl; + ah(k Oy — kxay) |

spin-momentum locking




Rashba superconductor

H =2 wi (& +AKao - o)y, + A liow’ + Ay i(d(K) - o)oy’ +he.
K

1 —i I
Chiral base V¥4 =E(Ck++e gka_), Wil = \/~(e gkck+ _)

H =Y (& £A LK Delc + (A, +A e e ¢, + (A, +A,)e%c ¢, +hec.
K
+ and - bands are p+ip superconductor

Frigeri et al. 2004

Fu-Kane, 2008
Proximity effect of 3D topological
insulator and s-wave SC

Z2 classification of DIII in 2D
> K, | A P A, | Non-topological
|A <A, | Topological> helical Majorana

Y .Yanaka-Yokoyama-Balatsky-N.N.
Fujimoto-Sato

1




Rashba superconductor with Zeeman field

(b) mA? > |V,

s-wave v
e superconductor + e \ va
= _
2DEG + Rashba e PR

Metal k
FM insulator

-

Ordinary SC
[ .
] 3 |
Topological SC
) C ; 0.4 0.6 5 0.8 T 12 T4
_ T 47 MoV
Hsc— d I‘[AlﬂTlﬁl+H.C] (a) oIV,

LI

1 v
H,= f dzrzf{— % —p—ialo*d,—a’d,) |,

HZ:fd2r¢+[VZo*’]w Zeeman field

08 06 -04 —072 0 0?2 0?4 0?6 0?8
(b) Wy,

Fujimoto, S.D.Sarma et al., J. Alicea



(a) mA? < |V]

\/ sle Non-topological
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(a) mA? < | VZ|

\\//

e — Majorana edge channel survives at QCP
e Large 6/6N compared
ke
Topological Phase Critical Point
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Non—Topological Phase

Gapped Majorana
edge channel

Peaks in 6/6GN
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QCP without QCP with
Majorana Majorana
edge channel edge channel
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(b) mA? > |V,
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Zeeman splitting is necessary for
topological superconductors in Rashba system.

Rashba system + Zeeman splitting D+ ip

¥ v ?

Rashba system + another Rashba system p 4 ip

|0,
2DEG : 1
10,
2DEG: 2
|0,

Hybridization



Hamiltonian

2
p
Ho (p) — % — E_ Oy T+ (7729:1:8@,% — UPg;SmUZ)
Pauli matrices in spins s and orbitals O \/

v’ inversion symmetric
v time reversal symmetric

Hint () = —U(n%(m)%—ng(a})) —2Vny(x) ny(x)

U :intra-orbital interaction { positive = attractive J

V' :inter-orbital interaction hegative = repulsive

Bogoliubov - de Gennes  -- mean field approx.

[0} (0= 7. 45 (p) 7 0,
T . Pauli matrices in Nambu space
c.f. Fu-Berg 2010, Hsieh-Fu 2011



Symmetry classification

irreps | matrix symmetry | | node
A, | Ay, I | {arey) = (earey) = Al// 2 -
0x  ((c1rcay) = — (c1ycar) = A /2 2
Ao | A1y | %0y | {capcay) = (cipcar) = D2/2  |amm | full
As| Aoy | 0= [(arery) = —(carca)) = A3/2 | mmm| full
A E, (Smg :u) (cipcar) = (Crycay) = Ba/2 | | point
8,0y | [(c19car) = — (c1ycay) = Ay /2 node

I : inversion operation
D,, C4: fourfold rotation

M : mirror reflection

c.f. Fu-Berg 2010
Hsieh-Fu 2011



Unconventional pairing
induced by SOT

Fermi energy
dependence

Unconventional pairing
induced by SOT

pnle=0 | As pnle=0 |Az
mo?/e=0.25 ma?/e=1.0
V Vv
C
non SC non SC
p/e=-101|Asz p/e=-101 |A

ma?/e=1.25

ma?/e=2.0




T): strength of SOI

Phase diagram Case B

weak SOI strong
nz0 AV AV n>0 4V
A A
Ao AN N A 2 Ao
4> >
non SC non SC non SC
AS § AS . AS .

conditions Intra-orbital Inter-orbital | pairing | SOI
U>0& V<0 phonon attractive | Coul. repulsive AS iIndep.
U<0& V>0 Coul. repulsive | phonon attractive AQ favor




Topological classification

periodic table for the classification of
topological insulators and superconductors

symmetry d=0 d=1 d=2 d=3
2 H2

top. SC DII | -1 | +1 | +1| 0 Lo Z

TOP. Ins. All -1 0 0 27, 0 Zio Zio

o
b
[1]

Schnyder, Kitaev, Teo -Kane

7. topological number 7 L. Fuand E. Berg PRL 105, 097001

1. A inversionodd 7
(and fullgap) | =% v ........
ie. Aoor As T v=1 NI NV

2. Fermi surface @ % -
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Phase diagram

attractive 4y

Ao A A, Intra-layer singlet parity even
. : | 9 A2 Inter-layer triplet parity odd
b
\ A _ | |
Non-SC . 3 Intra-layer singlet parity odd
Ag

DIIT class = Z2 classification
Schnyder et al., Kitaev

All pairing states are full-gap

A, Az are topological when
the Fermi energy is within the
hybridization gap

helical edge channels



Physical properties of
topological superconductors



Spin conductance 5 Charge conductance

eViA, eV/A,

Andreev reflection Ising Kondo effect
Y. Tanaka et al. PRB2009 R. Shindou et al. PRB

AT

Equal Helicity Opposite Helicity

TL effect in

Josephson junction
Y.Asano et al. PRL2010




&Ui :ei7z/4+igoi/27/i 7/i+ :7/i (0:(02 _(01

tr, e (L=t e)

ol 2+

=|t|[ie" "y, ey, cicos(pl 2—a)y,yp,]
g C d?¢ 1 dy

— T sin(o
s diz T oeR(o) ar T osine)

R™(¢) < sin’(pl2—a)



Two chiral Majoranas or

n =3 ||

Chiral
edge mode

one helical Majorana 5
gy vy =9

z

No relevant interaction

Two helical Majoranas

E E
\/ \/ YV AWV L ® 9PRAL
| N |

el “*\ K \\ K Forward scattering
-~ IS T Massless Thirring model
E E Two helical Fermions
k k Forward + backward scattering
- Opening of the gap




: ' Asano
-Tanaka-NN
PRL 2010

Helical Majorana
Edge channels

Hine. = g / dryri(w)yre(v)yL2()vL1()  Tpteraction

Hr=—tay [m{ﬂ(o) {00 +iX-a}, , Us0i(0)

o,0’

+Wh o, (0) {00 = A+ 0}y 0 V1,00 (0)]

Tunneling



Conductance due to quasi-particle tunneling

)\2 . L n T 2/K—-2
(C;O = I;E cos> (%) + sin? (3)[)9 (E)

. 2K -2
+ 702 K sin? (i) + A2 cos? (E)D (L
! — . 9 3 2 @ T{]

i

A=0 A#0
Equal helicity

Y= K =1 0 const.

K <1 0 T2K—2

K >1 0 const.

p#0 K=1 const. const.

K <1 TE=2 40 T2K—2

K>1 72/ K =2 72/ K =2

Opposite helicity

p=20 K=1 0 const.

K <1 0 const.

K >1 0 T2

p#0 K=1 const. const.

K <1 const. T2K-2

K >1 const. T2/ K—2

Each term is sensitive to
The phase difference
between the 2 SC's

- Interference

With SOI, the q.p. tunneling
is always relevant as the
temperature is lowered
independent of the sign of
the interaction

Quite different behavior
between equal and opposite
helicities



Shindou-Furusaki-NN
PRB Rapid Comm. 2010

25, (r) = lpy — vl =0,
R —e2Ws_(r) (chiral).
—e21029) 5 (1) (helical).

=) ; dp, (chiral).
8(r) die|g.n,—o (helical).

We call it z-axis or ||-direction
Ising-like coupling !



h/A \ )

0.8 '_InII":I";ij:':ff:-:;.,

0.4F |\

Tpulouse limit

45 (@)
(@
0 h, 7
AL (@) (c)
0 h W

3 . 4
e=J/(4rv)

.

S (@)

Strongly anisotropic
magnetic properties

Transverse magnetic field
induces the tunneling and

the system becomes equivalent to
anisotropic Kondo model

dissipation 0<e<1 1 <e<? 2 <€
Xez |h=h/=0(]) 719 const. const.
Xzzh=hr=0(T) T T 7!
Xaz|T=h= O(hf) B const. const.
Xezp—r—o(h) T, Tt Tt
Xoa|p=r=0(N) h RE const. const.
\’zzmzo(h I) T T T~
wo(T) Te-1 Te—1 Te-1
QPT under h N/A N/A v

%only at h > h,



Streda formula for Hall conductivity

OM?|  j=ouExz

O — €C

o

j:cVUXM:;CéM/c?;LXV;L‘

How about the thermal response ?

Gravitational response
J.M. Luttinger

dF = —SdI' — Mg - dB,|

E, =

~T7'VI| B, = (2/v)q)

) _1}2 0L~
“H =5\ ar

),

’1)2

S

2

(

0*

),




TI TSC
od o OME N __vPoLr _ v oS
= EC— = EC— ¥ = - = -
H oyt OB* =9 o1 — 2 00>
2 w  OM®  9P° w  OL®  OPg
. Xo = 9Et T apb X9 = HEE — 90k
B, = (2/1)Q| 5
- EM 3 -
— _p—igp S = [ ditd’x 60F - B
E, =-T VT‘ 0 / Am2he
2 2,72
Up=— | dPx =k, VI - Q= [dPxz-L—0¢E, B
7 / v2 2Ry 99




2d

3d

QHE

3d-TI

E, = -T7'VT

/2

6h
™ kg
k= sgn(m )6 QhT|
. TP(P 2
L |Qz m = U—QI‘LHazT

3d-TSC




Summary

Theoretical design of topological superconductors
chiral and helical SC with Rashba SOT

Unique properties of Majorana fermions
TL effect, Kondo effect

Thermal response of topological supercondncutors
gravitational analogue of Streda formula



Topological Periodic Table



Ten-fold way
general classification of gapped topological states

Schnyder et al. 2008

TRS PHS SLS d=1 d=2 d=3

Standard A (unitary) 0 0 0 - 7 -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) -1 0 0 - 2 7o

Chiral AIII (chiral unitary) 0 0 | Z - 7
(sublattice) BDI (chiral orthogonal) +1 +1 I 7 - _
CII (chiral symplectic) —1 —1 I V4 - Zo

BdG D 0 +1 0 7 7 -

C 0 —1 0 Z -

DIII 1 1 1 7, Z, /

CI +1 —1 1 - 4




Discrete symmetries of the Hamiltonian

3 symmetries which are robust against the disorder

Anti-unitary symmetry

Time-reversal symmetry (& H(k,r) = OH(—k,r)0*

Particle-hole symmetry = H(k.r) = —-ZH(-k,r)=""!

(S

Unitary symmetry
Chiral symmetry IT Hk,r)=-TTH(k, r)II?

O =+1 =?=+1

T = ¢ XO= =1



Ten-fold way
general classification of gapped topological states

Schnyder et al. 2008

TRS PHS SLS d=1 d=2 d=3

Standard A (unitary) 0 0 0 - 7 -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) -1 0 0 - 2 7o

Chiral AIII (chiral unitary) 0 0 | Z - 7
(sublattice) BDI (chiral orthogonal) +1 +1 I 7 - _
CII (chiral symplectic) —1 —1 I V4 - Zo

BdG D 0 +1 0 7 7 -

C 0 —1 0 Z -

DIII 1 1 1 7, Z, /

CI +1 —1 1 - 4




Generalization to include spatially dependent cases
Teo-Kane 2010

d=1 d=2 d=3
E
/7
)
i 7
FIG. 1: Topological defects characterized by a D parameter
family of d dimensional Bloch-BdG Hamiltonians. Line de-

fects correspond to d — D = 2, while point defects correspond
to d — D = 1. Temporal cycles for point defects correspond

tod—D = 0.

oo T

D=2

t

\QQQ




Symmetry 0=d—-D
s AZ ©* = 1m*l o 1 2 3 4 5 6 7
0 A 0 0 o\ 2z o0 =z 0 Z 0 Z 0
1 AIIIl O 0 1 o Z 0 Z 0 Z 0 Z
0 Al 1 0 0| Z 0 0 0 2Z 0 Zo Zo
1 BDI| 1 1 1| Zo Z 0 0 0 22 0 Zs
2 D 0 1 0| Zo Zo Z 0 0O 0 24 0
3 DIII| -1 1 1 0 Zo Zo Z 0 0 0 24
4 AIl|l -1 O 0|22 0 Zo Zo Z 0 0 0
5 CII'| -1 -1 1 0 22 0 Zo Zo Z 0 0
6 C 0O —1 0 0 0 22 0 Zo Zo Z 0
7 (I 1 -1 1 0 0 0 2Z 0 Zo Zo Z

TABLE I: Periodic table for the classification of topological
defects n insulators and superconductors. The rows cor-
respond to the different Altland Zirnbauer (AZ) symmetry
classes, while the columns distinguish different dimensionali-
ties, which depend only on 6 = d — D.

K-Theory Bott periodicity



A O
cl Al BDI 0 o T ~
A 72| <> TV compactify
¢ ® ® i i
o "
| |
C D =° L A
® — B G <
2 y AN
T 4 SD | I
Cll All DIl /(_} C\ N
O O ® -7/2 \_ _>f/ compactify
o ST S0
A\ 4
FIG. 11: Suspension 2(7T% x SP). The top and bottom of
Symme"'l"y CIOCk the cylinder X(T% x SP) x [-7/2,7/2] are identified to two

points.

Suspension to deform H

Hne(k,1.0) = cos OH.(k,r) + sin 011
%C(k? L, 9) — COS Qan(k I‘) R Ty +sinfl ® 7,

O=r,,: D>D+1
or 9=k, :d—>d+1



0.5 =0

(02)? = 0222 = (—1)s /2
© I=iD/2ez
Hne(k.r.0) =cosOH.(k.r) + sin 611

s = 1 mod 4 =+O=

(H)an(a‘1 = cosk, ,H_ +sin(-k, ,)0EO=E)O " £ H
= —cosk,,,H_ +sin(-k,.,)E(xO=)=" = —H

p——
e
nc

nc

[1]
I



Cl Al BDI
[ @ ®
7 0 1
C p =2 Hnelk,r,0) =costOH.(k,r)+ sintlI
< 6. 20 >
Helk,r,0) =cosOHne(k,r) @7, +sinf1l @ 74
Cll All DIII

> 41 3 9=K44 Kp(s;D,d) — Kg(s+1;D.d+1)
0=ry, Kp(s;D,d) — Kg(s—1;D+1.d)
—> o (-- o (--0—) O
Y7 o Kp(s;D,d+1) = Kg(s —1;D,d)
T l Kr(s;D+1,d) = Kp(s+1;D,d)
T__>4 VS 4.3 Ke(s+LD-1d)=Kc(s+LD,d +])
o0=d-D K.(s;0)=K.(s+10+1)



Symmetry 0=d—-D
s AZ ©* = 1m*l o 1 2 3 4 5 6 7
0 A 0 0 o\ 2z o0 =z 0 Z 0 Z 0
1 AIIIl O 0 1 o Z 0 Z 0 Z 0 Z
0 Al 1 0 0| Z 0 0 0 2Z 0 Zo Zo
1 BDI| 1 1 1| Zo Z 0 0 0 22 0 Zs
2 D 0 1 0| Zo Zo Z 0 0O 0 24 0
3 DIII| -1 1 1 0 Zo Zo Z 0 0 0 24
4 AIl|l -1 O 0|22 0 Zo Zo Z 0 0 0
5 CII'| -1 -1 1 0 22 0 Zo Zo Z 0 0
6 C 0O —1 0 0 0 22 0 Zo Zo Z 0
7 (I 1 -1 1 0 0 0 2Z 0 Zo Zo Z

TABLE I: Periodic table for the classification of topological
defects n insulators and superconductors. The rows cor-
respond to the different Altland Zirnbauer (AZ) symmetry
classes, while the columns distinguish different dimensionali-
ties, which depend only on 6 = d — D.

K-Theory Bott periodicity



Strong and Weak Z2 numbers in topological insulators

Symn;etryo , , 4 d=d—-D F u- Kane
s AZ e =2 m*lo 1 2 3 4 5 6 7
0 A 0 0 oz o Z 0 Z 0 Z 0
1 AIII] O 0 1 o Z 0o Z 0 Z 0 Z
0 Al 1 0 O Z 0 0 0 2Z 0 Zo Zo
1 BDI| 1 1 11 Ze Z 0 0 0 2Z 0 Zo
2 D 0 1 0| Zs Zo Z 0 0 0 2Z 0
a1 1 1l 0 7o Ze 7000 97
A ATl -1 0 0l927 0 7o 7o 7. 0 00
5 CI| -1 —1 1| 0 22 0 Zy Zo Z 0 0
s\ C |l 0 —1 0|0 0 22 0 Zo Zs Z 0
TNCL| 1 =1 1|0 0 0 22 0 Zy Zy Z 4=2 d=3
N\ — — S
4 AIll -1 0 0|22 0 Zo Zo Z 0 0 0
VO n

B - M, = 7 (mod 27)
Burger's vector

Gapless 1d mode
along the
dislocation

Y.Ran et al. 2009




Physics of
Noncollinear Magnetism



"Electromagnetism”

Non-collinear
spin texture



Multiferroics



Mott insulator
Low-energy charge dynamics is quenched ?

charge transfer Im 8((0)

states
requires the real transitions
U between the spin states

spin states

Triangular process Spin-orbit interaction
I

Spin Charge Separation

—

N n

.r'+(>‘xl2_,..—5 U
[ L T
x f N . \
) O Cd
--——4-—-" ~._“.‘-\_’ ““_,___\_ ﬁ /"/',
xX'=ox/2°8 T
(a) (b)
5y = -
S (e, — 1P (Dg* + iw) !
'E'[":f! w) = £; Aarer tthQStBI 1 1
2z 8 73 [Sl . (Sg + 53) — 2S5 - Sg_
A

Bulaevskii,Batista
Ng, Lee Mostovoy, Khomiskii



gauge field coupled to spin current

Aharonov-Casher effect
Lint = jspin ) Aspin
'Z‘spin = A(E X §)

Spin-orbit interaction
H, =A(SxVV)-p
~A(SxF)-p=A,- P

B
- toroidal moment
e O ; JC
E z 5
On f\ R jm S Josephson effect
U supercurrent of Sz
-—
. E Js
On S /, - 6 0,
B 1 // / > Jspin _
On / [9, S Z] = |

Orders of magnitudes enhancement in
condensed matter ! ( ~10™6)



Helimagnets

A

Frustrated Heisenberg model (Yoshimori 1950) I/Qv'
>

- o iq(Ri-R;)
H=35 "5, J(O|)=;e Jj
ij

S _ G AQR |, @ L-iQR
S;i =S5, +S e

|S; [=const — | S, = S g, |=const @ @ @ @ @

Sy-S =0 . 6



Electric Polarization due to spin current

Double exchange interaction Super exchange interaction
(1 hole) (2 holes)

46 V.3
) I812 X (81 X 82)

IIZ

p
3A° | cos &2 9°'A

|3 50C§12X(§1X§2)OC§12X

V/" _Ap-orbitals é’z
é’;z ﬁ;s

S

Js :spin current

) -

d- orbltals i A:d—p energy difference

|
: V: transfer integral

@— 0 —@ | :constant oc @, (Bohr radius)

Katsura-Nagaosa-Balatsky PRLO5
Mostovoy, Dagotto



Uniform P

even with
Incommensurate
spiral

No ME effect

Transverse
ME effect

Ogor = Umag COMPONENt

ZnCr2Se4(spinel): screw spin structure GaFeO3: only transverse due to
Akimitsu et al. toroidal moment
Popov et al.



Temperature (K)

Multiferroic behavior in perovskite oxides

1200
1100

1000+

900
800
700

orbital
disordered

orbital
ordered

-
(o)l
(=)

50f

100}

LaMnQOs (A-type AF)

Tokura-Kimura group

HoMnOs (E-type AF)

o
Ao

P, (uClcm?)
o

o
N O

P, (uC/cm?)
o

N
o
OO

€a

100

A€a/€a(0) %
w
S
=1

—
1

P I T

2 4
Magnetic Field (T)

c axis

C axis

1.2}

0.8}
0.6
04t
0.2

-1 -0.5 0 0.5 1
b axis

Kenzelman et al.
Arima et al.



Gauge theory of spin current in magnets

L= (@, -ia,-ic-Au)z, [P +4|z, A, oce,xE

various spin

o . RV textures in polar
TNy ;1";; KHUH/ magnets analogous to
# bl N vortex in superconductors

Fig. 3. Helical magnetic domain structure involving
[100] magnetic defects. (A) Magnetic domain boundaries
are seen as dark wawy line contrasts in addition to

Figure 1| Three chiral modulated structures for noncentros
ferromagnets and comparison of thei

Rossler et al. Nature 2006 Uchida et al. Science 2006

27 syiy  iziy iy iz spin current dynamics can
gxx(a)) RN VS VL IS PR VS PR P e be studied by the dielectric

(@) o wzgspin (w) properties of magnets.

&(w) clwo

spin

- 2xk£‘_[csz" +X'r1Kk2(w2- czkz)] Hydrodynamic theory

C k = T2 zZ_ (1 . of spin gl
mamal(R s @) [(w = ck)® +(2Dk?)* [[(w + ck)® +(3Dk*)? ] ?Hjlglgrign?;;slow)




Helimagnets

Frustrated Heisenberg model (Yoshimori 1950)

H=23,55 J(a) =2 ",
]

ij i

_ R, & QR
Si_SQe +S €

|S; [=const — | S, = S_, |=const @

Sy-S =0

Q

Dzyaloshinskii-Moriya interaction

H= ZJ” S+ Y Dy (S xS))
ij

S

A

—

F
@@ OIS

>

>
N

\@
A




Structure

MnSi(B20 structure)

_ Unit cell
198




Real Space Observation of Helical Structure

il

magnetic domain boundary

AYyv (A (Fe,Co)Si
ALV A

M magnetization direction

Fig. 3. Helical magnetic domain structure involving
[100] magnetic defects. (A) Magnetic domain boundaries
are seen as dark wawy line contrasts in addition to

Uchida et al. Science 2006




Skyrmions



Skyrmion and spin Berry phase in real space

Skyrmion configuration

From Senthil et al.

* + sz’ Solid angle acts as a
a=1 fictitious magnetic field
for carriers

El"(gj'xgk)sz;

7
s B s
7)) T K(€day)




Solid angle by spins acting as a gauge field

’ c;> ;>
k gauge flux ® \ _—h—4
Sy conduction \
S. electron
tij = t{xlx)
_ L BT I B
= t(cos ) €05 + sin y i exp(i(o; Gba)))

J 0, _
= tcos — exp(ia;)
2 I

acquire a phase factor

scalar spin chirality
Fictitious flux (in a continuum limit) )

@asi-<sgxsk>:% 5i
S;




IS -
Nd Mo 0.

30 F 2° 3
—=— 1(200)|
20 | —=— |(111)]

=
o

=
ol

o
=
0.5T)( MW g/Mo)

Resistivity (m @cm) | ( M 52/2Nd2M0207)

1
0.5 105
: 1|
] T
O L. . ¢ e . i, 0 =
0 T50 100 150 =

Mo 4d

Temperature (K)

Y. Taguchi, Y. Oohara, H. Yoshizawa,
N. Nagoasa, and Y. T., Science 2001



Equation of motion

dx _0e dk o %:_e(_é_mﬂx&j
dt ak dt k dt or dt
one flux quantum/(nm)2~4OOOT |
k-space B,
/-space
Fermi surface /& /

B, induced AHE B. induced AHE

0 —2 2 0
Oy €T, Py €T Oy €T, Py X T

“dissipationless” nature Cf. normal HE 2
py =Blne,o, ~o, Blne




Helimagnets A

Frustrated Heisenberg model (Yoshimori 1950)

H = Z‘]u i J(C]) :Zeiq(Ri_Rj)Jij
J

>

_ R ~iQR,
S; =5,e' % +S e

P
|S; [=const — | S, = S_, |=const @ @ @ @
Q

Sy-S =0

Dzyaloshinskii-Moriya interaction

H= ZJ” S+ Y Dy (S xS))
ij

> A
@ NPA




p Lk om)

Pfleiderer, Rosch, Lonzarich et al

1=t order transition

Critical endpoint (o,,.8,;)

P
| w0 . . —
p = 14.8 kbar > p,
S 2 ;
15} OB TR
- ;
1L
O exp.
05+
calc.
] i 0 , , L .
100 200 300 0.01 01 1 10 100
T(K) T

Non-Fermi liquid charge transport

9z
p=0 (111)
a0 r
qQx
30C
£ .\x:t\:k
- D\@t\q
10 orT,
eT,
0 1 1
0 10 30

P,
P {kban)

Spin fluctuation on a sphere in
Momentum space



Small angle neutron scattering for Skyrmion Xtal

M. N
B ‘*WL\ E { o1 l.ﬁ N N
\/ ; | U1 T et 4
AR A Y ‘@ I/"

06} field-polarized i B & MnSi

B .
el Eni !

B i/ <100

S. Mihlbauer et. al/,
Science 323 915
(2009)




Skyrmion Crystal

Superposition of three Helix without phase shift %
M(r) ~ My + Y Mg, (r + Ar) @3/
1=1
Mq,(r+ Ar) = Alniicos(Q; - 1) + niosin(Q; - 1) Q,+Q,+Q;=0
Skyrmion Skyrmion crystal  3-flod-Q
H
" a4 =

E I,Lg{" '4""‘"‘“& 3 :
“h A \ T "' |
t ) /' / F
- o P e B -

NN AT
& AR RS EOIN

S. Muhlbauer et al. Science 323, 915 (2009).



J.H.Park, J. H. Han, S. Onoda and N.N.
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in (Fe,Co)Si
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Lorentz TEM observat




100 nm

Figure 2 (a) Magnetic field dependence of real-space Lorentz TEM images of the magnetic structure in

Fe,5C0,5Si. (b) The corresponding fast Fourier transform (FFT) patterns of (a). (c) Temperature profiles

of the magnetization distribution map with a external magnetic field of 50 mT. The external magnetic field 211
was applied along the c-axis. The color map represents the magnetization direction at every point.



Experiment
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X.Z.Yu, Y. Onose, N. Kanazawa?, J. H. Park, J. H. Han, Y. Matsui, N. N. Y. Tokura
Nature (2010)
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J. Han, J.Zang et al. PRB2010
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Some considerations

Order estimation
a~4.5A D/J=2x(a/)\) ~ 1/30.
J= T ~30K
D%/J = J(D/J)%2 ~ J/900 ~ 30K/900 ~ (1/30)K
~ B, ~ 40-80 mT

Thermal fluctuation and Lindeman criterion

\/ < (displacement)® > = (J/D)a A

melting

~ J

Dynamics of SkX crystal
Acoustic mode of crystal [X,Y]=1 o = ck*

Coupling to the current of conduction electrons ; 3



Coupled dynamics of conduction electrons and SkX
J.D.Zang, J.H. Han, M.Mostovoy, and N.N.

Effective EMF due to spin texture
acting on conduction electrons

f h

e; = —0;ap — %{'11- = 52 (n-d;n xn),

[010] [100] \ h’i — V X a]i — E—géiz (Il . r:’)xll X C)yﬂ) .
N’

Hmt = —% fd?’g:j .a  Coupling term

N Lorentz force

on on 1 on on
—4+v-— —¢c(E+e+ —|v X H+h)',——
‘ Ot Ox t ( C | ( ) oP T
Boltzmann equation
h~y YH g
n — 3’(j-V')m—f;-.- nx 2 +an x n|
2e on

LLG equation



Fictitious magnetic flux oy ki

one flux guantum/(nm)?~4000T !
(double-excahnge model)

Ap,, o< @ (SK density)

A(magnetic) d(cal.) Apy(topological)
[nm] [T] [nQcm]
FeGe 70 1 indiscernible
28
MnSi 18 5
MnGe 3.0 1100 200
Nd,Mo,0;, 05 ~40000 6000

(reference)




"Electromagnetic induction”

Moving magnetic flux produces
the transverse electric field

1
e=—- V| % h]

AO’ : W e\l ]
ry (i = >
» ~ [m:]]\/[-m.:l}

o 25+ mc N/
X Conduction electron number per site

S Spin quantum number

top
o f Ow _e<h,>7
o mC
Topological
V|| A ny MHall effect
2S
\ 5
» 2S + X

> | > J
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New dissipative mechanism for spin texture

, hir h2~ e __ o
on = Ir’U(F;-'T/')Il: I_ "ﬁ(n-ﬂinxn)ﬂm.
2e ' 4&2 ‘

moving flux - electric field - induced current > dissipation

3

= - T k)@l e)

(25 + &) ag2c

mean free path | << &  size of Skyrmion

o' does not require spin-orbit int. and can be as large as ~1
But ¢ is determined by DM interaction.



Skyrmion Hall effect

Transverse motion of the Skyrmion as a
back-action to the “electromagnetic induction”

V, =~ Q(a+a' )V, xe,)

Q ==+1 Skyrmion charge determined
by the direction of the external magnetic field

[010] [100]

"Hall angle” tan @, =~ o + o'



J D
Hs = fdg;.f: [(‘U"n)2 + —n- [V xn|— "H. n]

2a a a3

n(x.t) = n(x — u(x.t)) U displacement field

d?
Hiat = dnJ/ E—;[(Vum)z + (Vuy)?] elastic energy

d d?x _ _
SBp = 762 / dtg—g (Uztly — Uytly) Berry phase term
ux and uy are canonical conjugate

h d? , _
Hine = d f /52 (%Jy — Hy;?a:) coupling to current

» o n.J (ka)? “phonon” of SkX
R PSRy (e« only one branch
° [ T (E T n_)] k"2 dispersion

k™2 damping



Collective pinning of Skyrmion crystal

impurity

.........

' ; ;; , . R, | Inhomogeneity of
- (Y Impurity and skyrmion X-tal

- Pinning and distortion




Theory of collective pinning

Es ~ (J)2 ene. of one Skyrmion  §.J ~ Jﬁ"'“ variation of kin. ene.

N, : # of impurities ina Sk (N1) = n;27§%d  d : film thickness
» ON7; = /N7 Variation of #

» Vi ~ ‘){ vV N = J sz_ Variation of

ne2mé?d neag one Skyrmion energy

» I, ~ Jd4 Competition between pinning and elastic energy
V1 determines the size L of domain for collective pinning

502 Pinning freq.
d L5 45 L of phonon

h-*’-‘-f’pin ~

4l
‘ 2 AT 7

‘ _ ol > £V
T T S e ity

ine2 J PV Ry VoL adV, Yo =V1/(27¢
ou?




ne = 3.78-1022 & = nea® ~ 0.9 0.4pp per Mn 1on S—|—% — 0.5
T =0Q~01 J~3meV €~ TTA
p(0K) = 1.85u€ -ecm. d = 10nm (Ny) ~ 700

J 1d
V1= 27’?52% = —E UL 2.107%meV
x &V 2ma

L~5-10°
‘ o hi~vo Arm _ 1 o a3 01
4e? 2m€2 2ag(S 4 x/2) ¢ &2 '
mc fNe€? T N ~GT

—_ - —92
Nwpin ~ 5 - 10 1106V Je~ 0.2A - cm
— very small /




M.Mostovoy, K.Nomura and N.N. PRL2011

'

p— i N Spin dynamics in the infermediate
" o virtual states of the exchange int.
\ [T .. > Coupling between
S, s; o gauge field e and E
@ (b) -~ Multi-orbital Mott insulator

= — fﬁxT“bEaeb(x, 1),

Tab = _Z“Jﬁm'lz(x —x“)(x — x?)

(U ’)3

Finite even without
inversion asymmetry or spin-orbit interaction



Moving spin texture produces  p . g0[z X R]
the electric polarization

Example: a Skyrmion in a confining potential U = £(RZ + R?)
g U

3 ij* IR, Gy = =Gy = 470

Applying a rotating electric field E (1) = E_(cosw?, —o sinwt)
mm) Different resonant response at () = X

4m|Q|
v =gEQI$ for o = +g¢q
° 28 o 2—%@1' for o = — 4



Conclusions
- Emergent electromagnetism

1. Projection onto Hilbert sub-space
- Berry phase and gauge field
- spin-orbit, spin current physics,
3 sources of U(1) e.m.f.

2. Global topological structures

edge/surface physics

3. Spin textures

An ideal laboratory for topological physics
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