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1. Random walks on hyperbolic graphs and surfaces
with application to statistics of knots



Polymer entanglement in a lattice of topological obstacles
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« Combinatorial approach: E. Helfand and D.S. Pearson (1983); M.
Rubinstein and E. Helfand (1985)

« Random walks in a Non-Euclidean space: A. Khokhlov and S.N. (1985)
« Conformal approach for 2D entangled random walks: S.N. (1985-1988)



The key difficulty: non-commutativity

Commutative topological invariants, like the linking number, cannot
distinguish these entangled states from the trivial one



Generators of turns




Non-commutative groups




Cayley graph of a
commutative group
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Cayley graph of a non-commutative
(free) group
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Metric structure of group of words
a‘batpoa =abaa

Distance from the root =
complexity of entanglement

Return to the origin =
full disentanglement

Probability to be unknotted, i.e. probability to return to the origin
on a tree after N steps ~ e-constN



Discrete random walk in a lattice of obstacles
Random walk on a tree

Probability for a length of a primitive path of an N-step random
walk to be k is given by Py (k). The recursion for Py (k):
=21py (k= 1)+ 2Pn_a(k+ 1), k>2,

z

Py (k)
Pn(1) = Pnv_1(0) + 2 Pn_1(2),
Pn(0)
Po(k)




Continuous random walk Iin a lattice of obstacles

Find a probability that a continuous random walk of length t is not entangled
with respect to the lattice of obstacles in the complex plane z.

Since the Laplace (Beltrami-Laplace) operator is conformally-invariant,
A(w) =05, + 07, = |w' ()70, + 02,

U

let us construct a conformal map of multi-punctured plane z to the “universal
covering Riemann surface” w which is free of obstacles

Diffusion equation under conformal transform can be written using
Beltrami-Laplace operator

9P (1w, 1) — D] (w)| (D2, + 02,) Pw, £) = 6(w — w)S(t)



Schematic connection between the tree and the Riemann
surface free of obstacles obtained by the conformal transform




The map z(w) is constructed In three sequential steps:




Define the function f(z) as follows:

f(z) = C7" In(2)] (Tm 2) /4

1/4
where C' = ‘77 (%— + z—-g*@)‘ (—*—Q@) = 0.77230184.... The function

f(2) has local maxima at all the points z.., which are the centers
of zero-agled triangles and only at these points.
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Reminder: Dedekind n-function

n(z) =P [[(1-); z=z+iy (y>0)

Mz +1) =2 z) g (=1) = y=ig(e)

Define h(z) = const|n(x+iy)| y"*




Isometric embedding of regular trees into the hyperbolic
plane

M. Escher “Circle limit”

Hyperbolic metric in a Poincare disc and on a pseudosphere
(stereographic projection of the unit disc)

ds® = — :  ds’=dy’ +sinh’ y do’



Random walks on hyperbolic surfaces

QP( X, t) = D\Fa (\/‘( —1)Ika@ ]P(xt)

P(x,t =0)=5(X) j JoP(x,t)dx =1

where the metric tensor Is

1 0
0 sinh® u
ds® =d u® +sinh® u do°
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Brownian bridges on hyperbolic surfaces

Probability to be in a specific point located at distance u

exp(—tD / 4) 7 Eexp(=&E2 [ (4tD)
4727 (tD)° 3 /cOsh & —cosh

_exp(-tD/4)(  w v exp _,u_2
A7tD sinh A4tD

P(u,t) = dé

Probability to be in any point located at ¢z«

Q(,t) =27P(u,t)sinh 1



Conditional probabillity for a Brownian bridge to be in any point
located at distance u

Q(u,t]0,N) = P(ﬂ’t)P(;l(,oNt)—t)sinh y

N 1 (1 1 j
~ LEXP| —t—| =+ ——
47Dt(N —t) 4D\t N -t

« A. Khokhlov, S. N. (1985)

S.N., A. Semenov, M. Koleva (1987)
S.N., Y. Sinai (1991)

P. Bougerol, T. Jeulin (1999)

hyperbolic disc or preudosphere

The curvature is effectively “killed” and the Brownian bridge statistics in
hyperbolic geometry is as in a flat space

This fact is crucial for conditional statistics of knots



2. Isometric embedding of an uniform unbound
Cayley tree in 3D and a profile of a salad leaf



Isometric embedding of hyperbolically growing tissue in a 3D
space

MeXXAYHapoAHas KoHpepeHuus

TYPOYAEHTHOCTb
U BOAHOBbI€ MpoLuecchl

MocesiweHHan 100-AeTHio o AHS POXXKAEHUSA
KapeMuka M.A. MUAANOHIIMKOBA

KBa, 26-28 HOsOpA 2013 T.

How to describe the profile?



R. Voituriez, S.N., J. Phys. A, 2001



Exponential proliferation of cells in a thin slit
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Growth in a disc Growth in a strip



When we open the slit, the material relaxes into the 3D
structure

Conjecture: buckling occurs as a conflict between internal geometry of
object and geometry of space of embedding



Hyperbolic surfaces with a boundary can be isometrically
embedded in a Euclidean space.

The revolution of the tractrix is an example of such an embedding:

(X =cosusinu
sy =sinusinv
'Z=cosv+logtanv/2




Lobachevsky plane



Formulation of the problem

Exponentially growing colony (hyperbolic structure) admits Cayley
trees as possible discretizations.

The Cayley trees cover the hyperbolic surface isometrically, i.e.
without gaps and selfintersections, preserving angles and
distances.

Our goal is an embedding a Cayley tree into a 3D Euclidean
space with a signature {+1,+1,+1}.

Hilbert theorem prohibits embedding of open hyperbolic surface
iInto Euclidean space smoothly.



The relief of the surface is encoded in the coefficient of deformation,
coinciding with the Jacobian J(¢) of the conformal transform z(¢), where

J(¢)=|dz/dg[



Isometric embedding of a Cayley tree into Poincare disc
and a strip




Optimal profile — is the surface in which we can isometrically
embed exponentially growing graph

S. N., K. Polovnikov, Soft Matter, 2017

The metric ds? of a 2D surface parametrized by
(u,v), is given by the coefficients

E=r,, F=r7 G=(r,m)

of the first quadratic form of this surface

ds®* = Edu” + 2F dudv + Gdv*

The surface area then reads

dS = VEG — F2dudy




Surface embedded in 3D has the same area as
In the Poincare disc

A B SABC = J dxdy = const
— AABC
0\/1 X
C aux 8“.]/,
SABC = J J(z,w)|dudv;  J(z,w) =
AABC Oox O,y

If z(w) is holomorphic, the Cauchy-Riemann
conditions provide
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dz(w)|”

J(w) = dw

= |Z(w)F




Surface embedded in 3D has the same area as in the
Poincare disc

Sar = / |J (=, w)|dudv

AAY

Imposing the condition for a surface to be a function
above (u,v), then we can write the surface element
in curvilinear coordinates

)= /14 ()40 )

In polar coordinates of the complex w-domain,

{(0;p):u = pecos¢g, v = psing}

we arrive at the nonlinear partial differential equation
for the surface profile f(p,¢) above w:

(apf( gb)) Pl( of (paﬁb))

Zw)[* =1




In the case of the strip domain we arrive at the equation

Ouf(5:07 + @f(s,0) = |20 — 1

In general, the relief of the surface f (u,v) is defined by the eikonal equation
for a wavefront, describing the light propagation according to the Huygens
principle in the unit disk:

(VS(x))* = n*(x)
with the refraction coefficient

n(w) = \/]z’(w)]“‘ — 1

In our case we have to solve the equation for the
function f(u,v) given by the Jacobian |J(r)]? of the
conformal transform

-

() = 2 = ZShn(0)]

>



Rigid and flexible circular surfaces

The rigidity in our geometric approach is controlled by the parameter a — the
size of elementary flat domain

1) If a =1, the surface is rigid

2) If 0< a <<1, the surface is flexible

(‘M-“( Adad,

a=0.07 a=0.14



Buckling in a strip

Formation of hierarchical folds due to ultrametricity of Dedekind
n-function



Other manifestations of hyperbolic geometry in living nature

Relief of a normalized
modular function

Coral
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First step: mapping to upper half-plane

Map A BC to half-plane ¢ via Schwarz-Christotfel integral:

T3 /e d¢

Points correspondence:

» Vertex A(z=0)— (=0
» VertexB(z=1)— (=1
» Vertex C (z = e /3) = ¢ = o0



Second Step: mapping to fundamental domain

Map upper half-plane ¢ to circular triangle ABC in r-plane. We
use ratio of solutions to Picard-Fuchs equation:

_ $1({)
$2(¢)

The differential equation (hypergeometric type):

((C—1)¢" + ((a+b+1), —c)¢ + abp =0

r(¢)



Function r({) conformally maps the hyperbolic triangle ABGC, ly-
Ing in the upper halfplane of w onto the upper halfplane of (.
The sides of the triangle ABC are arcs of semicircles orthogo-
nal to the real axis, and the angles are {oy = 7lc — 1],01 =
Tla + b — ¢|, 00 = w|la — b|}. Choosing a, = 0 and oy =
a1 = «, We can express the parameters (a b,c) In terms of a:
{o:o,afl,o:oo}—{a o, 0 witha =b=2+4+1c=2+1.

o a 1

=D+ (Z+1) (2 - 1O+ (= + 5)2¢(Q _ 9

where o = - and m = 3,4, ...co. For a = 0 equation takes a
simple form, known as Legendre hypergeometric equation. A
pair of fundamental solutions of Legendre equation are

$1=F(5,1,1,0), ¢2=iF(E,11,1-¢)



Final mapping to unit disc

Map the r-plane to unit disc w via Mobius transformation:

2em/3
—im/3€ /3 —w 1

1 —w

r(w) =e

The composite mapping’s Jacobian involves:

_ oy 2lnlr(w))®
J(z(w)) = 3h 1= wd

Dedekind » function appears naturally:

n(w) _ em’w/12 H(l . eZﬂénw)
n=1



