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Introduction to the Fractional 
Josephson Effect
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Introduction to Topological SC 

Introduction to the Fractional Josephson Effect
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Introduction to Topological SC 

• Quantum Hall state is a topological insulator (TI),
where the bulk is gapped due to Landau quantization.

• Typical for TI’s are compressible (conducting) edge
modes (in this case, chiral modes). This is also known
under the term “bulk-boundary correspondence”

• If time-reversal symmetry is maintained, there are further
classes of TI, e.g. the Quantum Spin Hall insulator

Introduction to the Fractional Josephson Effect
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Introduction to Topological SC 

Quantum Spin Hall 
insulator maintain T-
symmetry leading to 
helical edge states

Introduction to the Fractional Josephson Effect
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Introduction to Topological SC 

Quantum Spin Hall 
insulator maintain T-
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helical edge states
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Introduction to Topological SC 

E. Majorana

Introduction to the Fractional Josephson Effect
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Introduction to Topological SC 

localized MBS in e.g. 
cores of 

magnetic vortices

a device similar to Mourik et al. 2012
that started the “race” for Majorana fermions
in 1d, topological qubits, and ...

Introduction to the Fractional Josephson Effect
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What I will be focusing on

• We will discuss the physics (mostly experimental) of Josephson junctions (JJ) 
realized with supposedly topological materials

• The fractional Josephson effect could be a hint for the presence of MBS, and 
hence, topological superconductivity 

Introduction to the Fractional Josephson Effect
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Introduction (Josephson relations) 
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Introduction (Josephson relations) 
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Introduction (Devices) 
UCPH – Copenhagen, 

J. Nygard et al.

F. Giazotto et al.

Quantronics group, CEA-SaclaySNS “weak link” (superconductor-
normal metal-superconductor)

JJ by two-angle evaporation 

metal: Al, black part is 
Al-oxide

source: wikipedia

SIS junction

SNS with 2D materials

Introduction to the Fractional Josephson Effect
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note: 2~100Ghz

Introduction (Andreev level) 

𝐼ሺ𝜑ሻ ൌ
2𝑒
ℏ

𝜕𝐸ሺ𝜑ሻ
𝜕𝜑

for example:
M. F. Goffman et al. Supercurrent in atomic point 
contacts and Andreev states, Phys. Rev. Lett. 85, 
170 (2000).
L. Bretheau et al. Exciting Andreev pairs in a 
superconducting atomic contact, Nature 499 
(7458), 312-315 (2013).

atomic contact = prototype single channel Josephson junction in the short-junction limit to demonstrate
Andreev Bound State(s) (ABS)

േ𝐸 𝜑 ൌ േ Δ 1 െ 𝜏𝑠𝑖𝑛ଶ ఝ
ଶ

𝜏 = transmission probability

formation of Andreev Bound State

Note, limit for 𝜏 → 1:
𝐸 ൌ  േΔ cos 

𝜑
2

േ|cos ሺ𝜑/2ሻ|

HgTe QSH system with Nb contacts
Nature Com. 7, 10303 (2016)

Introduction to the Fractional Josephson Effect
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Introduction (CPR trivial vs topological) 

ground state
(even parity)

excited state
(even parity)

Andreev Josephson junction:
relatively open channel that transports 
Cooper-pair from one side to the other

“trivial” junction

even parity

odd state

supercurrent carried 
by single electrons

“topological” junction (A. Y. Kitaev, Phys. Usp. 44, 131 (2001))

supercurrent carried 
by Cooper pairs

Introduction to the Fractional Josephson Effect
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Introduction (CPR trivial vs topological) 

even parity

odd state

“topological” junction

supercurrent carried 
by single electrons

if parity is conserved, the CPR 
(current-phase relation) has a doubled
periodicity of 4𝝅 instead of 2𝜋

Introduction to the Fractional Josephson Effect
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Introduction (CPR trivial vs topological) 

if parity is not conserved, the 𝟐𝝅-
periodicity of the CPR is restored

if parity is conserved, the CPR 
(current-phase relation) has a doubled
periodicity of 4𝝅 instead of 2𝜋
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Introduction (CPR trivial vs topological) 

if parity is conserved, the CPR 
(current-phase relation) has a doubled
periodicity of 4𝝅 instead of 2𝜋

if parity is not conserved, the 𝟐𝝅-
periodicity of the CPR is restored
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Introduction (CPR trivial vs topological) 

if phase evolution in a dynamic 
process is faster than the “poisoning” 
time, one expects to still see a 
contribution from the 4𝜋-periodicity 

but note, a trivial CPR can also assume 
a 4𝜋-periodic contribution through 
Landau-Zener transitions

The idea is to do “proper” dynamic 
experiments in the search of a “higher-

order” periodicity, also termed the 
“fractional” Josephson effect.

Introduction to the Fractional Josephson Effect
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How to access the CPR in experiments 

1. measure the AC Josephson effect while voltage biasing the junction

a) measure the emitted microwave radiation

b) explore the I-V characteristics while exposing the junction to an external 
microwave field  Shapiro steps

2. measure the inductance of the junction (susceptibility) as a function of
flux bias

3. use an asymmetric DC-SQUID to measure the CPR

Introduction to the Fractional Josephson Effect
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Asymmetric SQUID / RF-SQUID 

asymmetric DC SQUID

Rf-SQUID: Nano Lett. 2013, 13, 7, 3086-
3092, Kathryn A. Moler’s group

Introduction to the Fractional Josephson Effect
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RF-SQUID with “qubit” readout 

𝐵ୄ = 0

𝐵ୄ = 300mT

one obtains the
𝐼ௌ ൌ 25nA and  a
𝑇ത ൌ 70%

here: half-shell InAs NWs from 
UCPH (J. Nygard et al.)

Introduction to the Fractional Josephson Effect

see for the concept: R. Haller et al. Phase-dependent microwave response 
of a graphene Josephson junction, Phys. Rev. Research 4, 013198 (2022)
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RF-SQUID with “qubit” readout 

𝐵ୄ = 0

𝐵ୄ = 300mT

Introduction to the Fractional Josephson Effect

• Superconducting loop
• Sputtered NbTiN (120 nm)
• Loop 100 um x 30 um (1 uT)
• PMMA/MA (large undercut)
• Ar-plasma

• MBE-grown wurtzite InAs NW 
with epitaxial aluminum half shell
• NW deposition with

micromanipulator
• Partially remove shell with wet 

etching process (MF321)

• Phase biasing via flux line
• Tuning transparency via gate

• Ground reference needed
• Side gate 900 nm apart
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Introduction to the AC Josephson 
Effect in the Experiment, i.e.

a) Josephson radiation
b) Shapiro steps

Introduction to the AC Josephson Effect
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Introduction (how to drive the JJ) 

“truly” DC voltage biased  ideal AC Josephson effect
(not useful, need a “receiver”)

“truly” DC current biased  used to determine the critical 
current

current-biased V(I) curves
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Introduction (how to drive the JJ) 

“truly” DC voltage biased  ideal AC Josephson effect
(not useful, need a “receiver”)

“truly” DC current biased  used to determine the critical 
current

RCSJ model
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Introduction (how to drive the JJ) 

RCSJ model

RSCJ model
𝑅௦𝐶

ℏ
2𝑒

𝜕ଶ𝜑
𝜕𝑡ଶ  𝐼𝑅௦ sin 𝜑 

ℏ
2𝑒

𝜕𝜑
𝜕𝑡 ൌ 𝑉

𝜔 ൌ
2𝑒
ℏ

𝐼
𝐶 Plasmafrequency

in the “frictional-sliding” limit, one obtains as 
condition for an approximate 𝜑 ൌ 𝜔𝑡ሶ ൎ ଶ

ℏ
𝑉𝑡

1/𝜏ோ ≫ 𝜔 ≫ 𝑅𝐼
2𝑒

ℏൗ
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AC Josephson Effect with higher harmonics

In “general” we know that the CPR can be written as a Fourier series: 

An example is a junction with highly transmissive channels. Current-Phase Relation:

T = temperature and = transparency

Assume, we could perfectly DC bias the junction with voltage 𝑽. The phase would then evolve with a constant 
velocity. The Fourier spectrum of the AC current contains harmonics at frequencies that are integer multiples 
of the fundamental Josephson frequency 𝑓 ൌ 2𝑒𝑉/ℎ:

If the junctions emits AC radiation, the power spectral density of the harmonics with index 𝑘 would 
correspond to 𝐴

ଶ
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AC Josephson Effect with higher harmonics
Assume, we could perfectly DC bias the junction with voltage 𝑽. The phase would then evolve with a constant 
velocity. The Fourier spectrum of the AC current contains harmonics at frequencies that are integer multiples 
of the fundamental Josephson frequency 𝑓 ൌ 2𝑒𝑉/ℎ:

If the junctions emits AC radiation, the power spectral density of the harmonics with index 𝑘 would 
correspond to 𝐴

ଶ

A different (more QM-like) description: inelastic tunneling of Cooper-pairs (charge 2e)

...and for Majorana’s? 
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AC Josephson Effect with higher harmonics
Assume, we could perfectly DC bias the junction with voltage 𝑽. The phase would then evolve with a constant 
velocity. The Fourier spectrum of the AC current contains harmonics at frequencies that are integer multiples 
of the fundamental Josephson frequency 𝑓 ൌ 2𝑒𝑉/ℎ:

If the junctions emits AC radiation, the power spectral density of the harmonics with index 𝑘 would 
correspond to 𝐴

ଶ

A different (more QM-like) description: inelastic tunneling of Cooper-pairs (charge 2e)

For Majorana’s: inelastic tunneling of electrons (charge e)

h/e

𝑓ெ ൌ 𝑒𝑉/ℎ=𝟏
𝟐

𝑓
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AC Josephson (relevance for metrology) 
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Shapiro Steps

a) we can try to DC bias a JJ and stud the emission spectrum

b) but we could also radiate onto the JJ with a fixed external Rf source at 
a drive frequency 𝑓  Shapiro steps (spikes) in the I-V characteristics at 
voltage values corresponding to 𝑉 ൌ ℎ𝑓/2𝑒.

𝐼 𝐼    𝐶 𝑅

𝐼 sin 𝜑  𝐶 ℏ
ଶ

𝜑ሷ +ଵ
ோ

ℏ
ଶ

𝜑ሶ ൌ 𝐼

𝜑ሷ + ଵ
ோ

𝜑ሶ +𝜔
ଶ sin 𝜑 ൌ ூ

ூ
𝜔

ଶ

𝜔 ൌ 2𝑒𝐼/ℏ𝐶 Plasmafrequency

𝑄 ൌ 𝑅𝐶𝜔 quality factor
Green: overdamped (𝑄 ൏ ½ሻ
Black and red: underdamped (𝑄  ½ሻ
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Shapiro Steps

𝐼 𝐼    𝐶 𝑅

𝜑ሷ + ଵ
ோ

𝜑ሶ +𝜔
ଶ sin 𝜑 ൌ ூ

ூ
𝜔

ଶ

𝜔 ൌ 2𝑒𝐼/ℏ𝐶 Plasmafrequency

𝑄 ൌ 𝑅𝐶𝜔 quality factor

Mechanical analog: phase particle moving in potential 𝑈

Let us add in addition an AC source driving at frequency 𝑓ௗ.
Due to the non-linearity of the Josephson circuit, the internal 
Josephson AC signal and the external can mix. This gives rise to 
current spikes (underdamped) or Shapiro voltage steps
(overdamped and current biased JJ)
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Shapiro Steps

𝐼 𝐼    𝐶 𝑅

𝜑ሷ + ଵ
ோ

𝜑ሶ +𝜔
ଶ sin 𝜑 ൌ ூ

ூ
𝜔

ଶ

𝜔 ൌ 2𝑒𝐼/ℏ𝐶 Plasmafrequency

𝑄 ൌ 𝑅𝐶𝜔 quality factor

Mechanical analog: phase particle moving in potential 𝑈

Let us add in addition an AC source driving at frequency 𝑓ௗ.
Due to the non-linearity of the Josephson circuit, the internal 
Josephson AC signal and the external can mix. This gives rise to 
current spikes (underdamped) or Shapiro voltage steps
(overdamped and current biased JJ)
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Shapiro Steps

...the easiest way to see this is in the case of an applied AC voltage source:

AC voltage bias:

𝑉/𝑅

here 𝜔 ൌ 𝜔 ൌ 2𝑒𝑉/ℏ

it is a synchronization 
effect taking place 
between the external 
drive and the AC 
Josephson 
effect. It relies on the 
non-linearity (mixing)

for step 𝑛 the phase advances by 𝑛2𝜋 per
period of the drive leading to 𝑉 ൌ ℏ

ଶ
𝑛𝜔
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Shapiro Steps

emergence of Shapiro steps at 
voltages

𝑽𝒍 ൌ 𝒍 · 𝒉𝒇𝒊𝒏/𝟐𝒆.
for a trivial JJ, or
𝑽𝒑 ൌ 𝒑 · 𝒉𝒇𝒊𝒏/𝒆

for a Majorana-type JJ;
𝒍 ൌ 𝟐𝒑 with 𝐩 ∈ ℤ

E. Bocquillon et al., Nature Nanotechnology 12, 137 (2016)
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Shapiro Steps

E. Bocquillon et al., Nature Nanotechnology 12, 137 (2016)
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Selection of published
Results

Introduction to the AC Josephson Effect



40

Search for  (literature)

Nature Phys. 8, 795 (2012)

missing first odd Shapiro step

InSb nanowire at 𝑓 ൌ 3𝐺𝐻𝑧
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Search for  (literature)

Shapiro steps

missing first odd Shapiro step
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Search for  (literature)

Nature Nano 12, 137 (2017)
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Search for  (literature)
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Search for  (literature)
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Search for  (literature)
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Search for  (literature)
Nature Comm. 10:245 (2019)
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Search for  (literature)
Nature Comm. 10:245 (2019)
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Search for  (literature)
Nature Comm. 10:245 (2019)
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Our own Results

Introduction to the AC Josephson Effect
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Device overview

HgTe

Tunnel junction

Nanowire junctions

Multi-dimensional junctions

Double angle shadow 
evaporated Al/AlOx/Al

Dirac semimetal: Cd3As2
(collaboration with M. Jung) 
Semiconductor: InAs NW

InAs 2DEG; Topological insulator: 
HgTe (with D. Weiss’ group)
Higher-order topological insulator: 
WTe2 with 1D hinge states
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Measurement setup

Driving source for Shapiro measurements

Detector for the radiative power (2-8 GHz)

Low-frequency biasing and probing controls 

Inspired by Deacon et al., PRX 7, 021011 (2017)

Low-ohmic metal film resistor in parallel to the junction 
to provide a stable voltage drop and to tune the 
junction into the overdamped regime.
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Tunnel junction SQUID (Al-Al2O3-Al)

On-chip flux line allows tuning the 
supercurrent through the dc SQUID

PhD thesis of Roy Haller



53

Tunnel junction SIS: Shapiro steps

𝑓 ൌ 2.5 𝐺𝐻𝑧. Note, the missing first odd step!
measurements by Dario Sufra et al. (master student 2018-19)

𝑉 ൌ 𝑙 · ℎ𝑓/2𝑒

l=2
l=3

l=4
l=5

master thesis of Dario Sufra and PhD thesis of Roy Haller
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Tunnel junction SIS: Josephson radiation

expected 2e-peak position

down-converted emission

peak position of a 4π-signal

• No features of higher-order tunneling events due 
to low junction transparency

• No evidence of the 4𝜋 signal

• Down-conversion of the AC Josephson signal to 
lower energy 

The energy 2eV is delivered to two photons, one that 
enters a cavity mode (environmental mode, which 
could be the plasma mode), the other the detector.
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Nanowire JJ junction: Cd3As2 (Dirac SM)

• Evaporated Al leads define the junction  
• Top gate structure isolated by a 20 nm 

thick HfO2 layer

Material platform: 
• Dirac semimetal
• Ultrahigh carrier mobility
• Nontrivial surface states

Anomalous evolution of the critical current 
as function of gate voltage could stem from 
surface scattering.
C.Z. Li et al., PRB 97, 115446 (2018)

A.Q. Wang et al., PRL 121, 237701 (2018)

by Melissa Osterwalder (master student 2019), Roy Haller and in collab. with Minkyung Jung
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Nanowire JJ junction: Cd3As2 (Dirac SM)
Emission at constant detection frequency as 
function of top gate voltage

The background corrected peak height 
follows a quadratic power law as a function 
of critical current.

by Melissa Osterwalder (master student 2019), Roy Haller and in collab. with Minkyung Jung
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𝑓ௗ௩ ൌ 2 𝐺𝐻𝑧

• No missing Shapiro step either

Nanowire junction: Cd3As2

Optimized device architecture:
• Omit surrounding ground plane
• Short, continuously spreading supply lines

No features of 
down-converted 
emission peaks

Suppression of environmental modes

Stable differential 
resistance

• No features of higher-order 
tunneling events 

Sinusoidal CPR

• No fractional Josephson effect

by Melissa Osterwalder (master student 2019), Roy Haller and in collab. with Minkyung Jung
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Nanowire junction: Cd3As2

missing 1st step ?

Shapiro at 𝑓 ൌ 1𝐺𝐻𝑧

by Melissa Osterwalder (master student 2019), Roy Haller and in collab. with Minkyung Jung
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3d HgTe TI – junction  (with D. Weiss’ group)

Material platform: 
• 3D topological insulator
• superconducting interacts with 

surface states
• possible formation of 

Majorana fermions

Weak gate tunability :

C. Brüne et al., PRL 106, 126803 (2011)

Device fabricated by Ralf Fischer 
from the Univ. of Regensburg, 
Dieter Weiss’ group.

material, see:
D.A. Kozlov et al., PRL 116, 166802 (2016)

by Roy Haller et al. in collaboration with R. Fischer et al. (Regensburg)
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3d TI junction: HgTe

Environmental modes are suppressed at elevated 
temperatures and applied in-plane magnetic field

Topological 1e-emission not detected
• too high electronic temperature?
• bulk-contribution too large ?
• lack of sensitivity?

by Roy Haller et al. in collaboration with R. Fischer et al. (Regensburg)
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3d TI junction: HgTe

no fractional Josephson radiation !
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3d TI junction: HgTe

no missing steps either ! measure PSD at 𝑓ௗ௧ ൌ
3.5 𝐺𝐻𝑧 while a pump of 
𝑓௨ ൌ 2 𝐺𝐻𝑧 Is on!

by Roy Haller (unpublished)
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Conclusion 1. Part 
• We have studied both the AC Josephson emission and Shapiro steps mostly in the overdamped 

limit of Josephson junctions made from: Al-Al-oxide, InAs nanowires, a Dirac semimetal and HgTe
3d topological insulator a WTe2 Weyl semimetal (or higher-order topological material) and InAs 
quantum well material..

• While first odd Shapiro step can be missing (also in trivial junctions), it reappears at high enough 
microwave input frequency!

• The “fractional” AC emission at frequency 𝒇𝒕𝒐𝒑𝒐 ൌ 𝒆𝑽/𝒉 has not been observed, in none of the 
samples (until now)!

• Reasons (?): overheating leading to parity flipping; too large trivial “bulk” current and a not high 
enough sensitivity to detect the 4𝜋 signal

• What can we do? Design the RF part such that Josephson emission can be carried away “fully”. 
Need a 10 Ω transmission line that smoothly evolves into a 50 Ω

Inelastic 
Cooper-pair 

tunneling

Tr
an

sp
ar

en
cy

Heikkilä et al., 
PRB 66, 184513 (2002)

Kwon et al., 
Eur. Phys. J. B 37, 349 (2004)
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End Lecture I

Introduction to the AC Josephson Effect


