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Outline
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✓ Josephson Junction

✓ SQUID

✓ Superconducting qubit

✓ Quantum-limited amplifier

✓ SFQ circuit
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Nobel prize in physics 2025

https://www.nobelprize.org/



“Macroscopic object” in Josephson junction

▪ Normal metal

▪ Josephson junction

(superconductor/insulator/superconductor)

▪ Collection of Copper-pairs can behave 

as if they were a single particle.

https://www.nobelprize.org/ 4



Josephson Tunnel Junction
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ψ1 = |𝜓1|e
𝑖𝜑1 ψ2 = |𝜓2|e

𝑖𝜑2

Order parameter

• Josephson tunnel junction (SIS-junction)

• Two superconductors with an insulator(1-2nm), 

e.g., Al/Al2O3/Al

• Josephson effect : Supercurrent flows!

𝐼 = 𝐼𝑐 sin 𝜑 ,   
𝑑 𝜑

𝑑𝑡
=

2𝑒

ℏ
𝑉

𝜑 = 𝜑1 − 𝜑2,  Ic: critical current

• Nonlinear inductance as a circuit element

Brian Josephson, Nobel prize 1973
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Josephson junction sample and VI measurement

Nb

PbIn

Nb-NbOx-PbIn

(10x10 um2)

(Josephson junction)

VI

▪ Current-biased Josephson junction (JJ)

▪ Apply current and measure voltage across JJ.

▪ V-I measurement

▪ For I < Ic, V remains zero-voltage state.

▪ Near Ic, V switches to finite-voltage state.

I

V

Ic

2∆

-2∆
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Josephson junction dynamics: 1D washboard potential

J. Martinis, Michel H. Devoret, and John Clarke, PRB 35, 4682 (1987)

• A “phase particle” of mass ℏ/2𝑒 2𝐶 moving 

along 𝛿 axis in an effective potential U.

𝑈 𝛿 = −𝐸𝐽𝑐𝑜𝑠𝛿 −
ℏ𝐼

2𝑒
𝛿

• Slope is proportional to bias current I.

• Particle trapped in a wall → zero-voltage state (a)

• Particle rolling down → finite-voltage state (b)
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RCSJ (Resistively and Capacitively Shunted Junction) model 

(circuit-model) 

Dynamics governed by equation of motion of phase particle

𝐼 𝑡 = 𝐼0𝑠𝑖𝑛 𝜑 +
𝑉

𝑅
+ 𝐶

𝑑𝑉

𝑑𝑡
𝐼

𝐼0
= sin 𝜑 +

1

𝑄

𝑑𝜑

𝑑𝜏
+
𝑑2𝜑

𝑑𝜏2 𝜏 = 𝜔𝑝𝑡, 𝜔𝑝= 2𝑒𝐼0/ℏ𝐶



Josephson inductance and energy
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𝐻 = −𝐸𝐽𝑐𝑜𝑠𝜑, EJ= ℏ𝐼𝑐/2𝑒 : Josephson energy

▪ JJ is a lossless and nonlinear inductor.

▪ Energy in JJ

𝐿 𝜑 =
𝐿𝐽

cos 𝜑
, 𝐿𝐽=

Φ0

2𝜋𝐼𝑐
: Josephson Inductance

𝐿(𝐼) =
Φ0

2𝜋

1

𝐼𝑐
2 − 𝐼2

𝜑

−𝐸𝐽

0

𝐸



Josephson Tunnel Junction Fabrication
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✓ e-beam lithography step 𝑒−

50 – 100 keV

e-beam exposure develope-beam resist coating

✓ Al evaporation

Junction area

* Oxidation between 1st and 2nd Al evaporation



Josephson Junction Fabrication Style

▪ Need resist bridge

▪ Submicron JJ

▪ Most conventional 

method
▪ No bridge required

▪ Submicron JJ

▪ Good size control

▪ Need both tilt and rotation function

▪ Different undercut size

▪ No bridge required

▪ Can make a large JJ
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Inline JJ (Dolan-bridge) Manhattan JJ Bridgeless JJ



Controlling JJ parameters in practice
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How to control 𝐼𝑐

• 𝐼𝑐 = 𝐽𝑐 × 𝐴
,  where 𝐽𝑐=critical current density, 𝐴/𝑚2

𝐴=junction area

• 𝐽𝑐 set by oxide thickness and controlled 

by oxygen pressure P and oxidation time t

• 𝐽𝑐 ∝ ~
1

𝑃∗𝑡

Calculating 𝐼𝑐 from 𝑅𝑛

• Ambegaokar-Baratoff equation

𝐼𝑐 =
𝜋Δ

2𝑒𝑅𝑛
𝐼𝑐: Critical current

Δ : Superconducting gap

𝑅𝑛: Normal state resistance

Ex)    Al (Δ~200 𝜇𝑒𝑉)

For 𝐼𝑐 = 100 nA,𝑅𝑛 = 3.1 kΩ

• Can estimate qubit frequency from 𝑅𝑛

[Zeng et al., J. Phys. D: Appl. Phys. 48 (2015) 395308]



SQUID (Superconducting QUantum Interference Device)
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• Usage

- Effectively modulate Ic by B field

- Tunable qubit frequency

- Sensitive magnetic sensor

B

Φ = 𝐵 ∗ 𝐴

𝐼𝑐 Φ = 2𝐼0 cos
Φ

Φ0
𝜋

Φ0=
ℎ

2𝑒
= 2 × 10−15: Flux quantum

I0 I0

Magnetic field

Area of loop

Magnetic flux

B=0 B≠0

Ic = 2I0

𝐼𝐼/2 𝐼/2

Ic < 2I0



SQUID - Usage
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Asymmetric SQUID 
• Used in tunable qubit

• Frequency tunability and less flux noise

B

𝐼𝑐(Φ) = (𝐼𝑐1 + 𝐼𝑐2) cos
Φ𝜋

Φ0
1 + 𝑑2tan2

Φ𝜋

Φ0

, 𝑑= 
𝐼𝑐1−𝐼𝑐2

𝐼𝑐1+𝐼𝑐2

Ic1 I𝑐2

Ic1 ≠ Ic2

𝐼𝑐1+𝐼𝑐2

Φ/Φ0
0.5-0.5-1 10

[M.Hutchings et al, PRAppl. 8, 044003 (2017)]
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1999 -

2002

Charge, phase,

flux qubit

charge qubit(Nakamura) Phase qubit(Martinis)

Flux qubit (Mooij)

2004 circuit-QED
(charge qubit + superconducting

resonator)

2007 2D Transmon

2011 3D Transmon

2019 Google Sycamore, 53Q

charge qubit 

+ superconducting 

resonator (Yale)

2D transmon (Yale) 3D transmon (Yale) Fluxonium (Yale)

2020 IBM Hummingbird, 65Q

2009 Fluxonium

History of superconducting qubits

2016 IBM 5Q cloud

2023 IBM Heron, 133Q
2024 Goolge Willow, 105Q



Superconducting circuit

Ingredients of 

superconducting electrical 

circuits 

- Inductor

- capacitor

- Josephson junction(JJ)

- SQUID

- Superconducting resonator

- MW transmission line

𝐿 𝐶

𝐼𝑐

[USCB, 4Q] 15

𝐽𝐽



Classical LC to Quantum LC circuit

Quantum LC resonator

1. Pick generalized coordinate

2. Find kinetic and potential energy

3. Lagrangian

4. Hamiltonian

5. Quantum operators (canonical 

quantization)
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+ + + +

- - - -

Φ(𝑡)

𝐿 𝐶

Q(t)

[M.Devoret, “Quantum fluctuations in electrical circuit”]

෡𝐻 =
෠𝑄2

2𝐶
+
෡Φ2

2𝐿



LC oscillator vs Mechanical oscillator

𝐻 =
෠𝑄2

2𝐶
+
෡Φ2

2𝐿

Charging energy

(kinetic E)

Inductive energy

(potential E)
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[෡Φ, ෠𝑄] = 𝑖ℏ

[ො𝑥, Ƹ𝑝] = 𝑖ℏ

𝐻 =
Ƹ𝑝2

2𝑚
+

1

2
𝑘 ො𝑥2

Kinetic energy
Potential energy



Harmonic oscillator vs Anharmonic oscillator
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ො𝑛 =
෠𝑄

2e
, ෠𝜙 = 2𝜋

෡Φ

Φ0

[෡Φ, ෠𝑄] = 𝑖ℏ

𝐻 =
෠𝑄2

2𝐶
+
෡Φ2

2𝐿

𝐻 =
෠𝑄2

2𝐶
− 𝐸𝐽𝑐𝑜𝑠

2𝜋෡Φ

Φ0

= 4𝐸𝑐 ො𝑛
2 − 𝐸𝐽𝑐𝑜𝑠 ෠𝜙 𝐸𝑐 =

𝑒

2C
: charging energy

𝐸𝐽 =
ℏ𝐼𝑐
2𝑒

: Josephson energy

[ ෠𝜙, ො𝑛] = 𝑖



Charge qubit (=Cooper pair box qubit)
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n

2e
- -

“Cooper-pair box”

Ground

H = Charging energy of Cooper-pair box

+ Josephson energy of Josephson junction

First superconducting qubit

JJ

𝐸𝑐 ≫ 𝐸𝐽



Charge qubit energy levels
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Total energy vs gate voltage

Ground state 

energy, | ۧ𝑔

Excited state 

energy, | ۧ𝑒

Electrostatic energy

𝑈 =
1

2
𝐶𝑔𝑉𝑔

2 = 4𝐸𝑐 𝑛 − ng
2
,

𝑛𝑔 = 𝐶𝑔𝑉𝑔/2𝑒, 

𝑛 = # of Cooper-pairs



Charge qubit Hamiltonian 

* Charge qubit is sensitive to charge noise! 21

Hamiltonian

𝐻 = 4𝐸𝑐 ො𝑛 − ng
2
− EJcos ො𝜑

ො𝑛, ො𝜑 = 𝑖

ො𝑛: charge operator

ො𝜑: phase operator

ng: offset charge number

𝐸𝑐=
𝑒2

2𝐶Σ
: Charging energy

𝐸𝐽=
ℏ𝐼𝑐

2𝑒
: Josephson energy



Energy levels of charge qubit
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Hamiltonian

𝐻 = 4𝐸𝑐 ො𝑛 − ng
2
− EJcos ො𝜑

ො𝑛 = | ۧ𝑁   ,|𝑁ۦ

cos ො𝜑 =
1

2
෍

−∞

+∞

| ۧ𝑁 ൻ𝑁 + 1| + | ۧ𝑁 + 1 |𝑁ۦ

𝐻 = 4𝐸𝑐 | ۧ𝑁 |𝑁ۦ − ng
2

−
EJ

2
σ−∞
+∞ | ۧ𝑁 ൻ𝑁 + 1| + | ۧ𝑁 + 1 |𝑁ۦ

𝐻| ۧ𝜓𝑛 = 𝐸𝑛𝐻| ۧ𝜓𝑛

Calculate eigenvalues of H matrix using QUTIP

[M.Devoret, “Quantum fluctuations in electrical circuit”]

https://nbviewer.org/urls/qutip.org/qutip-tutorials/tutorials-

v5/lectures/Lecture-11-Charge-Qubits.ipynb

N=10

Ej=Ec=1

22



Transmon qubit

• TRANSMON = Transmission-line shunted plasma oscillation qubit

• Developed in Yale Univ. in 2007

Motivation

How can we make a qubit less sensitive to charge noise?

Make it flatter?

23



Energy Levels vs 𝑬𝑱/𝑬𝒄

𝑓01 ≈ 8𝐸𝐽𝐸𝑐/ℏ

Theory Experiment

[J.A.Schreider et al.,  PRB 77, 180502 (2008)][J. Koch et +al.,  PRA 76, 042319 (2007)] 24

𝐸𝐽
𝐸𝑐

= 50~100



Idea: 

▪ Increase the ratio 𝐸𝐽/𝐸𝑐 by 

reducing 𝐸𝑐
▪ Add large shunt capacitor.

▪ Weakly anharmonic

▪ Long coherence time due to 

Suppressed charge noise

▪ Simple to fabricate!

Transmon

Josephson Al/Al2O3/Al

Tunnel junction

[P. Krantz et al.,  Appl.Phys.Rev. 6, 021318 (2019)]

• f01~ 5 GHz
(=200mK)

• f12 − f01 < 0

25



Various “mon”

transmon

26

xmon

coaxmon

mergemonrecmon

starmon gatemon



Phase qubit
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▪ Use a current-biased Josephson junction

▪ Quantized energy levels in a potential well.

▪ 𝐸𝐽/𝐸𝑐 is large, ~106

Example circuit



Flux qubit
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▪ A superconducting loop interrupted by a number of  

Josephson junctions.

▪ Qubit states are encoded in circulating current states.

[J. Q. You and Franco Nori, Physics Today (2005)]

3-JJ flux qubit



Simulating qubits
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▪ QuTiP is open-source software for 
simulating the dynamics of open 
quantum systems.

▪ For Quantum optics, trapped ions, 
superconducting circuits, quantum 
nanomechanical resonators, …

These help to give intuition! 



Quantum-limited Josephson Parametric Amplifier
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• JJ serves a nonlinear medium of microwave in RF amplifier.

• Only minimum noise can be ideally added to the output of amplifier.

• Need pump signal to amplify signal via wave mixing process

JPA (Josephson Parametric Amplifier)

• (Resonator or LC circuit) + SQUID

• High gain > 20 dB

• Narrow bandwidth: ~10 MHz

IMPA (Impedance-matched Parametric Amplifier)

• Wider bandwidth ~400 MHz

SNAIL (metric Amplifier)



Traveling-wave Parametric Amplifier (TWPA)
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• TWPA leverages a nonlinear transmission line 

formed by thousands of JJ array.

• Critical for high-fidelity qubit readout

• Wide bandwidth ~ 1-2 GHz

• High gain ~ 20 dB

• Gain flatness not good

• Hard to fabricate

[C.Macklin et al., Science 350, 307 (2015)]

TWPA In TWPA Out



SFQ (Single Flux Quantum) circuit
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• Superconducting digital technology

• SFQ pulse is a picosecond voltage pulse 

from overdamped JJ.

[E.Leonard et al., PRAppl. 11, 014009 (2019)][R.McDermott et al., PRAppl. 2, 014007 (2014)]

• Qubit control demonstrated with SFQ digital 

logic (SFQ driver) 

• Quasiparticle poisoning issue



Summary
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• Josephson junction is the most critical element in various 

superconducting circuits.

• SQUID can be used as a tunable inductor in qubit and sensitive sensor.

• JJ serves a lossless nonlinear inductor in various quantum circuits. 

- Superconducting qubits

- Quantum-limited parametric amplifiers

- SFQ circuit can be used for qubit control and measurement in energy-

efficient way.

Thank you for your attention!


